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Abstract

In this paper, we present a graphical model
for protein secondary structure prediction.
This model extends segmental semi-Markov
models (SSMM) to exploit multiple sequence
alignment pro¯les which contain information
from evolutionarily related sequences. A
novel parameterizedmodel is proposedasthe
likelihood function for the SSMM to capture
the segmental conformation. By incorporat-
ing the information from long range interac-
tions in ¯ -sheets,this model is capableof car-
rying out inferenceon contact maps. The nu-
merical results on benchmark data setsshow
that incorporating the pro¯les results in sub-
stantial improvements and the generalization
performanceis promising.

1. In tro duction

Protein secondarystructure prediction remainsan im-
portant step on the way to full tertiary structure pre-
diction in computational biology. A variety of ap-
proaches have been proposedto derive the secondary
structure of a protein from its amino acid sequence
as a classi¯cation problem. Beginning with the semi-
nal work of Qian and Sejnowski (1988), many of these
methods have utilized neural networks. A major im-
provement in the prediction accuracyof thesemethods
wasmadeby Rost and Sander(1993), who proposeda
prediction schemeusingmulti-la yeredneural networks,
known asPHD. The key novel aspect of this work was
the useof evolutionary information in the form of pro-
¯les derived from multiple sequencealignments instead
of training the networks on single sequences.Another

App earing in Proceedings of the 21st International Confer-
ence on Machine Learning, Ban®, Canada, 2004. Copyrigh t
2004 by the authors.

type of alignment pro¯le, position-speci¯c scoringma-
trices (PSSM) derived by the iterativ e search proce-
dure PSI-BLAST (Altschul et al., 1997),hasbeenused
in neural network prediction methods to achieve fur-
ther improvements (Jones,1999;Cu®& Barton, 2000).

An alternativ e approach is to treat the problem from
the perspective of generative models. One of the ¯rst
applications of hidden Markov models (HMMs) to the
secondarystructure prediction problem was described
by Delcher et al. (1993). Generalized HMMs with
explicit state duration, also known as segmental semi-
Markov models (SSMMs), have been widely applied
in the ¯eld of gene identi¯cation (Burge & Karlin,
1997; Yel et al., 2001; Zhang et al., 2003; Korf et al.,
2001). Recently , Schmidler (2002)presented a particu-
lar SSMM for protein structure prediction, which is an
interesting statistical generative model for sequence-
structure relationships. One advantage of the proba-
bilistic framework is that it is possibleto incorporate
varied sourcesof sequenceinformation using a joint
sequence-structureprobabilit y distribution based on
structural segments. Secondary structure prediction
can then be formulated as a general Bayesian infer-
enceproblem. However, the secondarystructure pre-
diction accuracyof the SSMM as described by Schmi-
dler (2002) still falls short of the best contemporary
discriminativ e methods. Incorporation of the pro-
¯les from multiple sequencealignments into the model
might be a plausible way to improve the performance.
In this paper, we proposea novel parameterizedmodel
as the likelihood function for the SSMM to exploit the
information provided by the pro¯les. Moreover, it is
straightforward to incorporate long range interaction
information in ¯ -sheets into the modelling. We de-
scribe a Markov Chain Monte Carlo sampling scheme
to perform inference in this model, and demonstrate
the capability of the parametric SSMM to carry out
inferenceon ¯ -sheetcontact mapsin the Bayesianseg-
mental framework. This abilit y to infer contact maps
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Figure 1. Presentation of the secondarystructure of a pro-
tein chain in terms of segments. The square blocks denote
our observations on these amino acid residues, which is a
realization of a multinomial random variable. The rectan-
gular blocks with solid borders denote the segments. The
graph represents the segment type T = [C; E ; C; H ; : : :]
and the segmental endpoints e = [4; 7; 9; 14; : : :]. Capping
positions specify the N- and C-terminal positions within
a segment. Both the N-capping and C-capping length are
¯xed at 2, and then f N 1; N 2; Internal ; C2; C1g are used to
indicate the capping positions within a segment.

represents one of the advantages of the probabilistic
modelling approach over the traditional discriminativ e
approach to protein secondarystructure prediction.

The paper is organized as follows. We describe the
Bayesianframework of the SSMM with details in sec-
tion 2. In section3 weextend the model to incorporate
long range interactions. In section 4 we discussthe is-
sue of parameter estimation. In section 5 a sampling
schemefor inferenceis given, and we point out the ca-
pabilit y to infer contact maps in section 6. In section
7 we present the results of numerical experiments, and
concludein section 8.

2. Mo del Description

The key idea in our model for secondary structure
prediction is the alignment pro¯le derived by multiple
sequencealignment 1 or PSI-BLAST 2. For a sequence
of n amino acid residues, we can search a sequence
databasefor several other sequenceswhich are similar
enough at the sequencelevel to be evolutionarily re-
lated. By aligning these sequencesand counting the
number of occurrencesof each amino acid at each lo-
cation, we obtain an alignment pro¯le. Formally, the
alignment pro¯le O = [O1; O2; : : : ; Oi ; : : : ; On ] is a se-
quenceof 20£ 1 vectors, whereOi contains the occur-
rencecounts for the 20 amino acidsat location i which

1The techniques of pairwise sequencecomparison are
employed to search a non-redundant protein sequence
database for homologs of query sequence. These are
then aligned using standard multiple alignment techniques
(Thompson et al., 1994). Ideally, a column of aligned
residuesoccupy similar structural positions and all diverge
from a common ancestral residue.

2PSI-BLAST (Altsc hul et al., 1997) is a gapped-version
of BLAST that usesan e®ective scheme for weighting the
contribution of di®erent numbers of speci¯c residues at
each position in this sequencein a position-speci¯c score
matrix. The position-speci¯c scorematrix can be mapped
as relativ ely occurrence counting (Jones, 1999).

can be regardedas a realization of a multinomial ran-
dom variable. The associated secondarystructure can
befully speci¯ed in terms of segment locationsand seg-
ment types. The segment locations can be identi¯ed
by the positions of the last residueof thesesegments,
denoted as e = [e1; e2; : : : ; em ] where m is the num-
ber of segments. We use three secondary structure
types. The set of secondarystructure typesis denoted
as T = f H ; E ; Cg where H is used for ®-helix, E for
¯ -strand and C for Coil. The sequenceof segment
types can be denoted as T = [T1; T2; : : : ; Ti ; : : : ; Tm ]
with Ti 2 T 8i . It is worth noting the existence
of helical capping signals within segments (Aurora &
Rose,1998), which refer to the preferencefor particu-
lar amino acids at the N- and C-terminal ends which
terminate helicesthrough side chain-backbone hydro-
genbondsor hydrophobic interactions. In Figure 1, we
present an illustration for the speci¯cation of the sec-
ondary structure of an observed sequencealong with
the de¯nition of capping positions within segments.
Based on the set of protein chains with known sec-
ondary structure, we learn an explicit probabilistic
model for sequence-structurerelationships in the form
of a segmental semi-Markov model.

The segmental semi-Markov model (SSMM) (Osten-
dorf et al., 1996) is a generalization of hidden Markov
models that allows each hidden state to generate a
variable length sequenceof the observations. In seg-
ment modelling, the segment types are regarded as
the set of discrete variables, known as states. Each of
the segment types possessesan underlying generator,
which generatesa variable-length sequenceof obser-
vations, i.e. a segment. A schematic depiction of the
SSMM is presented in Figure 2 from the perspective
of generative models. The variables (m; e;T) describe
the secondarystructure segmentation of the sequence.
The secondarystructure prediction problem consistsof
computing P(m; e;T jO) for an observed sequenceO.
For this purposewe needto de¯ne the prior P(m; e;T)
and the likelihood P(Ojm; e;T). This Bayesianframe-
work is described with more details in the following.

2.1. Prior Distribution

The prior distribution for the variablesdescribingsec-
ondary structure P(m; e;T) is factored as

P(m; e;T) = P(m)
mY

i =1

P(ei jei ¡ 1; Ti )P(Ti jTi ¡ 1): (1)

The segment type depends on the nearest previous
neighbour in the sequencethrough the state transi-
tion probabilities P(Ti jTi ¡ 1), which are speci¯ed by a
3 £ 3 transition matrix. P(ei jei ¡ 1; Ti ), more exactly
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Figure 2. The segmental semi-Markov model illustrated as
generative processes.A variable-length segment of obser-
vations associated with random length l i is generated by
the state Ti . The observations within a segment need not
be fully correlated, while there might be dependenciesbe-
tween the residuesin adjacent segments. The dashedrect-
angle denotes the dependency window with length 5 for
the observation On ¡ 1 . In the enlarged dependency win-
dow, µn ¡ 1 is a vector of latent variables that de¯nes the
multinomial distribution in which we observe On ¡ 1 , while
µn ¡ 1 is assumedto be dependent on On ¡ 6 ; : : : ; On ¡ 2 and
the capping position of On ¡ 1 .

P(l i jTi ) is the segmental length distribution of the type
Ti , where l i = ei ¡ ei ¡ 1 with e0 = 0. Note that the
prior on length implicitly de¯nes a prior on the num-
ber of segments m for a sequenceof a given length. A
uniform prior can be assignedfor m, i.e. P(m) / 1,
as this doesnot have much e®ecton inference.

2.2. Lik eliho od Function

The likelihood is the probabilit y of observing the se-
quenceof alignment pro¯les given the set of random
variables f m; e;Tg. Generally, the probabilit y of the
observations can be evaluated as a product of the seg-
ments speci¯ed by f m; e;Tg:

P(Ojm; e;T) =
Q m

i =1 P(Si jS¡ i ; Ti ) (2)

where Si = O[ei ¡ 1 +1: ei ] = [Oei ¡ 1 +1 ; Oei ¡ 1 +2 ; : : : ; Oei ]
is the i -th segment, and S¡ i = [S1; S2; : : : ; Si ¡ 1]. The
likelihood function P(Si jS¡ i ; Ti ) for each segment can
befurther written asa product of the conditional prob-
abilities of individual observations

P(Si jS¡ i ; Ti ) =
Q ei

k= ei ¡ 1 +1 P(Ok jO[1:k ¡ 1] ; Ti ) (3)

whereOk is the 20£ 1 count vector obtained from the
alignment pro¯le at the k-th residue. The likelihood
function P(Ok jO[1:k ¡ 1] ; Ti ) for each residueshould be
capable of capturing the core features of the segmen-
tal composition, such assegmental dependency(Eisen-
berg et al., 1984) and helical capping signals (Aurora
& Rose, 1998). Schmidler et al. (2000) proposed a
helical segment model with lookup tables to capture
helical capping signalsand the hydrophobicity depen-
dency of segmental residues. However, this method

is designedto use the residue sequenceonly, and its
secondarystructure prediction accuracy falls short of
the best contemporary methods. Incorporation of the
alignment pro¯les into the model might be a plausible
way to improve the performance. Here, we propose
a new parameterization for the likelihood function to
exploit the information in the pro¯le.

2.2.1. Mul tinomial Distribution

We assumethat Ok comesfrom a multinomial distri-
bution with 20 possibleoutcomesand outcomeproba-
bilities µk , a 20£ 1 vector. The outcomesrefer to the
types of amino acids occurring at the current residue
position, while Ok is a 20£ 1 vector counting the oc-
currence of these outcomes. Thus, the probabilit y of
getting Ok can be evaluated by

P(Ok jµk ; Ti ) = (
P

a O a
k )!Q

a O a
k !

Q
a2A (µa

k )O a
k (4)

whereA is the set of 20 amino acids,Oa
k is the element

in Ok for the amino acid a, and µa
k denotesthe proba-

bilit y of the outcomea with the constraint
P

a µa
k = 1.

2.2.2. Dirichlet Distribution

As shown in the dependencywindow of Figure 2, the
multinomial distribution at the k-th residue is depen-
dent upon preceding observations within the depen-
dency window, the segment type, and the current cap-
ping position within the segment (refer to Figure 1).

The underlying causalimpact on the current multino-
mial distribution, where we observed Ok , can be cap-
tured by a prior distribution over the latent variables
µk . A natural choice for the prior distribution over µk

is a Dirichlet, which has also beenused to de¯ne pri-
ors for protein family HMMs (SjÄolander et al., 1996).
In our case, this can be explicitly parameterized by
weight matrices with positive elementsas follows:

P(µk jO[1:k ¡ 1] ; Ti ) = ¡(
P

a ° a
k )Q

a ¡( ° a
k )

Q
a2A (µa

k )° a
k ¡ 1 (5)

where ° k is a 20£ 1 vector de¯ned as

° k = Wcap +
` kX

j =1

W j
intr a ¢Ok ¡ j +

X̀

j = ` k +1

W j
inter ¢Ok ¡ j

(6)
with ` is the length of dependency window,3

`k = min(k ¡ ei ¡ 1 ¡ 1; `), and weight vectors Wcap of
size20£ 1 are used to capture capping signalsat the
capping position cap of Ok . Weight matrices Wintr a

and Winter of size 20 £ 20 are used to capture both

3The window length may be speci¯ed individually for
segment types.



intra-segmental and inter-segmental dependency re-
spectively, where the superscript denotes the residue
interval. ¡( ¢) is the Gamma function de¯ned as
¡( x) =

R1
0 tx ¡ 1 exp(¡ t) dt. The constraint ° a

k > 0 8a
is guaranteed by constraining the weight variables to
have positive values. Note that we have usedtwo sets
of positioning indices for each residue: a sequential
number k where 1 · k · n, and a capping position
cap where cap 2 f N1; N2; : : : ; Internal; : : : ; C2; C1g.
In total we have three sets of weights for
¿ 2 T individually . For a segment type ¿,
we get the set of weight parameters, W ¿ =
f WN1 ; : : : ; WC1 ; W 1

intr a ; : : : ; W `
intr a ; W 1

inter ; : : : ; W `
inter g.

2.2.3. Dirichlet-Mul tinomial Distribution

The quantit y of interest, P(Ok jO[1:k ¡ 1] ; Ti ) in (3), can
be ¯nally obtained asan integral over the spaceof the
latent variables µk , which is given by

P(Ok jO[1:k ¡ 1] ; Ti )

=
Z

µk

P(Ok jµk ; Ti )P(µk jO[1:k ¡ 1] ; Ti ) dµk

=
¡(

P
a ° a

k ) ¢
Q

a ¡( ° a
k + Oa

k )
¡ (

P
a(° a

k + Oa
k )) ¢

Q
a ¡( ° a

k )
¢

(
P

a Oa
k )!

Q
a Oa

k !

(7)

where ¡( ¢) denotes the Gamma function, and ° k is
de¯ned as in (6).

2.3. Posterior Distribution

All inferencesabout the segmental variables (m; e;T)
de¯ning secondarystructure are derived from the pos-
terior probabilit y P(m; e;T jO). Using Bayes' theorem,

P(m; e;T jO) = P (Ojm;e;T )P (m;e;T )
P (O) (8)

where P(O) =
P

f m;e;T g P(Ojm; e;T)P(m; e;T) as
the normalizing factor. In this framework, we con-
sider someimportant measuresof the segmental vari-
ablesfor an observed sequence,such as
² The most probable segmental variables in the poste-
rior distribution: arg max

m;e;T
P(m; e;T jO), known as the

MAP estimate;
² The marginal posterior mode estimate is de¯ned
as argmax

T
P(TO i jO), where TO i denotesthe segment

type at the i -th observation.
The Viterbi and forward-backward algorithms for
SSMM (Rabiner, 1989)can be employed for the MAP
and marginal posterior mode estimate respectively.

3. Long Range In teractions in ¯ -sheets

We have set up a Bayesian framework to predict the
secondary structure. However, the secondary struc-
ture is a®ectednot only by local sequenceinformation,
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Figure 3. Anti-parallel (top), and parallel (bottom), pairs
of interacting segments, Si and Sj . dij is the binary vari-
able for alignment direction, and aij is the integer variable
for alignment position. A weight matrix Wsheet is intro-
duced to capture the distal residue interactions.

but also by long range interactions with distal regions
of the amino acid sequence. An important example
is a ¯ sheetwhich is built up from several interacting
regionsof ¯ -strands. The strands align sothat the NH
groups on one strand can form hydrogen bonds with
the CO groupson the distal strand and vice versa. The
alignment can happen in two ways: either the direc-
tion of the polypeptide chain of ¯ -strands is identical,
a parallel ¯ -sheet,or the strand alignment is in an al-
ternativ e direction, an anti-parallel ¯ -sheet. In Figure
3, we present the two casesfor a pair of interacting
segments, Si and Sj with i < j . A binary variable
is used to indicate alignment direction; dij = +1 for
parallel and dij = ¡ 1 for anti-parallel. An integer
variable aij is usedto indicate the alignment position.
The endpoint of Si , known as ei , is used as the ori-
gin, and then aij is de¯ned as the shift betweenei and
ej for parallel cases,while for anti-parallel casesit is
the shift between ei and the beginning point of Sj ,
i.e. ej ¡ 1 + 1.4 The challengefor a predictive approach
is how to intro duce these long range interactions into
the model. In this section, we extend the paramet-
ric model to incorporate the information of long range
interactions in ¯ -sheets.

3.1. Prior Speci¯cation for Distal In teractions

A set of random variables is intro duced to de-
scribe the long range interactions, collected as I =©

f Sj ; Sj 0; dj j 0; aj j 0gr
j =1

ª
, where r is the number of

interacting pairs and f Sj ; Sj 0; dj j 0; aj j 0g is a pair of
interacting segments together with their alignment
information. We can expand the prior probabil-
it y as P(m; e;T; I ) = P(I jm; e;T)P(m; e;T), where
P(m; e;T) is de¯ned asin (1) and the conditional prob-
abilit y P(I jm; e;T) can be further factored as

P(I jm; e;T) = P(r jk)P(f Sj ; Sj 0gr
j =1 )¢Q r

j =1 P(dj j 0jSj ; Sj 0)P(aj j 0jSj ; Sj 0; dj j 0) (9)

where r is the number of interacting pairs, k is the
number of ¯ -strands, and f Sj ; Sj 0gr

j =1 denotesa com-

4We assumeinteraction parts to be contiguous, e.g. ex-
cluding the caseof ¯ -bulges.



bination for ¯ -strands to form r interacting pairs. Var-
ious speci¯cations for thesedistributions in (9) are ap-
plicable provided that they satisfy

P
I P(I jm; e;T) =

1. In the present work, we assumea uniform distri-
bution, P(f Sj ; Sj 0gr

j =1 ) = 1
c(r ;k ) if the combination is

valid, where c(r; k) is the total number of valid com-
binations,5 otherwise P(f Sj ; Sj 0gr

j =1 ) = 0. P(r jk),
P(dj j 0jSj ; Sj 0) and P(aj j 0jSj ; Sj 0; dj j 0) arediscretedis-
tributions. We may specify them according to our
prior knowledgeor learn them from training data.

3.2. Join t Segmental Lik eliho od

It is straightforward to extend the parametric model
(7) to include long range interactions in ¯ -sheets,
which can be regarded as an extension of the depen-
dency window to include the distal pairing partners.
We intro duce another 20 £ 20 weight matrix Wsheet

to capture the correlation between distal interacting
pairs. The segmental likelihood function (3) for the
¯ -strands can be enhancedas

P(Si jTi = E; S¡ i ; I )

=
eiY

k= ei ¡ 1 +1

¡(
P

a ~° a
k ) ¢

Q
a ¡( ~° a

k + Oa
k )

¡ (
P

a(~° a
k + Oa

k )) ¢
Q

a ¡( ~° a
k )

¢
(
P

a Oa
k )!

Q
a Oa

k !

(10)
with ~° k = ° k +

P
f k ¤ g Wsheet ¢Ok ¤ where ° k is de-

¯ned as in (6) and f k¤g denotesthe set of interacting
residuesof Ok that can be determined by I .

4. Parameter Estimates

The probabilistic model we describe above has two
classesof free parameters: a) the parameters that
specify discrete distributions, which include the state
transition probabilities for P(Ti jTi ¡ 1) in (1),6 the seg-
mental length distributions P(ei jei ¡ 1; Ti ) in (1); b) the
weights in the segmental likelihood (7) and (10), which
consist of three sets for di®erent segmental types, i.e.
f W ¿g for ¿ 2 T .

The parametersthat specify discretedistributions can
be directly estimated by their relative frequencyof oc-
currencein the training data set.7 For a segment type
¿, a Maximum A Posteriori estimate of its associated
weights W ¿ can be obtained as

argmax
W ¿

P(f O; m; e;T; I gjW ¿)P(W ¿) (11)

5A valid combination requires that each ¯ -strand in-
teracts with at least one and at most two other strands.
This constraint comesfrom the chemical structure of amino
acids, i.e. the CO and NH groups.

6The initial state probabilities P(T0) can be set to be
equal simply.

7An appropriate prior might be used for smoothing.

under the condition of positive elements, where
P(W ¿) is the prior probabilit y usually speci¯ed by
P(W ¿) / exp(¡ C¿

2 kW ¿k2
2) with C¿ ¸ 0. The op-

timal W ¿ is therefore the minimizer of the negative
logarithm of (11), which can be obtained by

min
W ¿

L(W ¿) = ¡
X

f Og

X

f ¿g

logP(Si jS¡ i ; ¿) +
C¿

2
kW ¿k2

2

subject to w > 0; 8w 2 W ¿, where
P

f Og meansthe
sum over all the sequences,

P
f ¿g denotesthe sum over

all the segments of type ¿, and P(Si jS¡ i ; ¿) is de¯ned
as in (3). L (W ¿) is a regularized functional, and the
optimal regularization factor C¿ can be determined by
crossvalidation.8 A set of auxiliary variables ¹ = ln w
canbe intro ducedto convert the constrainedoptimiza-
tion problem into an unconstrainedproblem, and then
standard gradient-basedoptimization methodsareem-
ployed to minimize L (W ¿).

5. Sampling Scheme for Inference

Generally, the intro duction of long range interactions
into the graphical model makes exact calculation of
posterior probabilities intractable. Markov Chain
Monte Carlo (MCMC) algorithms can be applied here
to obtain approximate inference. A seriesof samples
will be collected according to the joint distribution in
the Markov chain simulation. As the dimensionof the
variable spacevaries in this process,the Metropolis-
Hasting schemecan be applied with a reversible-jump
approach (Green, 1995),which ensuresthat jumps be-
tweenmodels of di®ering dimension are reversible.

What we are interested in here is the posterior distri-
bution P(m; e;T jO) which is proportional to the joint
distribution P(m; e;T; O). The joint distribution can
be evaluated as

P(m; e;T; O) = P(m; e;T)
Q

Si =2I P(Si jS¡ i ; Ti )
¢
P

I P(I jm; e;T)
Q

Si 2I P(Si jS¡ i ; Ti )
(12)

whereP(m; e;T) is de¯ned as in (1), and only the seg-
ments of ¯ -strands are in the interaction set I . Schmi-
dler (2002)proposedan MCMC algorithm by sampling
in the posterior distribution P(m; e;T; I jO), in which
the dependency between (m; e;T) and I makes the
sampling schemecomplicated. However the main idea
of the reversible jump approach is still applicable here.
The following set of Metropolis proposalsare de¯ned
for the construction of a Markov chain on the spaceof
segmentations, denoted as V = (m; e;T):
² Segment split : propose V¤ = (m¤ ; e¤ ; T ¤ ) with m¤ =

8 It is also possible to carry out approximate Bayesian
inference on weight variables.



m + 1 by splitting segment Sk into two new seg-
ments (Sk ¤ ; Sk ¤ +1 ) with k » Uniform [1 : m], ek ¤ »
Uniform[ ek ¡ 1 + 1 : ek ¡ 1], ek ¤ +1 = ek , Tk ¤ »
Uniform[ H ; E ; L ], and Tk ¤ +1 » Uniform[ H ; E ; L ].9

² Segment merge: propose V¤ = (m¤ ; e¤ ; T ¤ ) with m¤ =
m ¡ 1 by merging the two segments Sk and Sk +1 into one
new segment Sk ¤ with k » Uniform[1 : m ¡ 1], ek ¤ = ek +1 ,
and Tk ¤ » Uniform[ H ; E ; L ].
² Type change: propose V¤ = (m; e;T ¤ ) with
T ¤ = [T1 ; : : : ; Tk ¡ 1 ; T ¤

k ; Tk +1 ; : : : ; Tm ] where T ¤
k »

Uniform[ H ; E ; L ].
² Endpoint change: propose V¤ = (m; e¤ ; T ) with e¤ =
[e1 ; : : : ; ek ¡ 1 ; e¤

k ; ek +1 ; : : : ; em ] where e¤
k » Uniform [ek ¡ 1 +

1 : ek +1 ¡ 1].
The acceptance probabilit y for Type change and
Endpoint change depends on the ratio of likelihood
P (V ¤ ;O )
P (V ;O ) , wherethe likelihood is de¯ned asin (12). Seg-

ment split and Segmentmerge jumps betweensegmen-
tations of di®erent dimension are acceptedor rejected
accordingto a reversible-jump Metropolis criteria. Ac-
cording to the requirement of detailed balance,the ac-
ceptanceprobabilit y for a new proposal V¤ should be
½(V; V¤) = P (V ¤ ;O )

P (V ;O ) £ P (VÃV ¤ )
P (V ¤ ÃV ) . Therefore, the accep-

tance probabilit y for Segment split and Segment merge
should respectively be

½spl it (k ) (V; V¤) = P (V ¤ ;O )
P (V ;O ) £ jT j ¢(ek ¡ ek ¡ 1 ¡ 1)

½mer ge(k ) (V; V¤) = P (V ¤ ;O )
P (V ;O ) £ 1

jT j¢(ek +1 ¡ ek ¡ 1 ¡ 1)

where jT j = 3 denotes the number of segment
types. Due to the factorizations in (12), only the
changed parts require evaluation. Once the interact-
ing set I has been changed, the joint segmental like-
lihood has to be calculated again, which is a sumP

I P(I jm; e;T)
Q

Si 2I P(Si jTi ; S¡ i ). Although the
set I is composedof ¯nite elements, it might be too
expensive to traverseall of them. We againapply sam-
pling methods here to approximate the sum by ran-
domly walking in the distribution P(I jm; e;T) that is
de¯ned as in (9).

6. Inference on Con tact Maps

Contact maps represent the pairwise, inter-residue
contacts as a symmetrical, square, boolean matrix.
Pollastri and Baldi (2002) have previously applied en-
sembles of bidirectional recurrent neural network ar-
chitectures to the prediction of such contact maps. In
this section, we describe the capability of this para-
metric SSMM model to carry out inferenceon contact
maps. This capability is one of the advantagesof the
probabilistic modelling approach over the traditional

9Here » Uniform[ H ; E ; L ] denotes uniformly sampling
in the set f H ; E ; L g, while [1 : m] means from 1 to m.

discriminativ e approach (e.g. neural networks) to pro-
tein secondarystructure prediction. ¯ -sheetsare built
up from pairs of ¯ -strands with hydrogenbonds,which
are prominent features in contact maps. The set of ¯ -
sheet interactions is associated with a ¯ -sheet contact
map de¯ned by a n £ n matrix C whoseij -th entry Cij

de¯ned as

Cij (I ) =
½

1 if Oi and Oj are paired in I ;
0 otherwise

(13)

We may estimate the marginal predicted C from the
posterior distribution of P(m; e;T; I jO), given by

P(Cij = 1jO) =
X

m;e;T ;I

Cij (I ) P(m; e;T; I jO) (14)

where the indicator function Cij (I ) is de¯ned as in
(13). Using the sampleswe have collected in the dis-
tributions P(m; e;T jO) and P(I jm; e;T) (refer to Sec-
tion 5), (14) can be estimated by

P(Cij = 1jO) =
P

m;e;T

P
I Cij (I ) P(m; e;T; I jO)

¼ 1
N

P
f m;e;T g

P
fI g Cij (I ) P (Ojm;e;T ;I )P

fI g P (Ojm;e;T ;I )

wherethe samplesfI g arecollectedfrom P(I jm; e;T),
and N samplesof f m; e;Tg are from P(m; e;T jO).

7. Numerical Exp erimen ts

We implemented the proposedalgorithm in ANSI C.10

In this implementation, the length of dependencywin-
dow was¯xed at 5, and the length of N- and C-capping
was¯xed at 4, and the regularization factors C¿ = 0:01
8¿ were choseto estimate the optimal weights.11

7.1. 7-fold Cross Validation

The data set we used is CB513, a non-redundant set
of 513 non-homologousprotein chains with structures
determined to a resolution of · 2:5ºA (Cu® & Barton,
2000).12 Weused3-statePDB de¯nitions of secondary
structure. We removed the proteins that are shorter
than 30 residues,or longer than 550 residues,follow-
ing Cu® and Barton (2000), to leave 480 proteins for
cross validation training. Seven partitions were cre-
ated randomly, and crossvalidation wascarried out on
thesepartitions. We usedtwo kinds of alignment pro-
¯les: the multiple sequencealignment pro¯les (MSAP)

10 The source code in ANSI C can be accessed at
http://www.gatsb y.ucl.ac.uk/ » chuwei/co de/bsmpssp.tar.gz.

11 Thesemodel parameters weredetermined by crossvali-
dation, but wealsofound that there is a large region around
these settings where the model performs stably.

12 The data set and the multiple sequence align-
ments pro¯les they generated can be accessed at
http://www.compbio.dundee.ac.uk/ » www-jpred/data/.



Table 1. 7-fold crossvalidation results for secondarystruc-
ture prediction on 480 protein sequencesfrom CB513. \Se-
quence Only" denotes the algorithm of Schmidler et al.
(2000); MSAP denotes our algorithm using multiple se-
quence alignment pro¯les; PSSM denotes our algorithm
using position-speci¯c score matrices. Q3 denotes the
overall accuracy. Qobs = T r ueP ositiv e

T r ueP ositiv e+ F alseN egativ e and

Qpr ed = T r ueP ositiv e
T r ueP ositiv e+ F alseP ositiv e . MAP denotes the

most probable posterior estimate, while MAR G denotes
marginal posterior mode estimate.

Sequence Only with MSAP with PSSM
MAP MAR G MAP MAR G MAP MAR G

Q 3 59.2% 65.1% 68.8% 71.5% 63.9% 72.8%
Q obs

H 66.3% 66.7% 77.6% 78.7% 67.6% 74.0%
Q obs

E 20.7% 46.3% 44.2% 58.9% 29.5% 56.8%
Q obs

C 72.8% 73.2% 73.9% 71.9% 78.3% 79.8%
Q pr ed

H 61.9% 68.6% 71.8% 74.0% 69.5% 78.8%
Q pr ed

E 56.5% 58.9% 69.7% 67.2% 73.5% 71.9%
Q pr ed

C 57.8% 64.7% 66.1% 71.2% 59.1% 69.0%

Table 2. The results of 7-fold cross validation on 480 pro-
teins of CB513 reported by Cu® and Barton (2000), along
with our results.

Method Description Q 3

Netw orks using frequency pr ofile fr om CLUST AL W 71.6%
Netw orks using BLOSUM62 pr ofile fr om CLUST AL W 70.8%
Netw orks using PSIBLAST alignment pr ofiles 72.1%
Arithmetic sum based on the above three netw orks 73.4%
Netw orks using PSIBLAST PSSM 75.2%
Our algorithm with MSAP of Cuff and Bar ton (2000) 71.5%
Our algorithm with PSIBLAST PSSM 72.8%

usedby Cu® and Barton (2000), and position-speci¯c
scorematrices (PSSM) as in Jones (1999). For com-
parison purposes,we also implemented the algorithm
proposedby Schmidler et al. (2000), which usesthe se-
quenceinformation only.13 The validation results are
recorded in Table 1. We also cite the results reported
by Cu® and Barton (2000) in Table 2 for reference.
The results obtained from our model show a great im-
provement over those of Schmidler et al. (2000) on all
evaluation criteria. Compared with the performance
of the neural network methods with various alignment
pro¯les as shown in Table 2, the prediction accuracy
of our model is also competitiv e.14 We observed that
the marginal posterior mode is more accuratethan the
MAP estimate, which shows that averagingover all the
possiblesegmentations helps.

7.2. Prediction of Con tact Maps

We prepared a dataset with long range interaction in-
formation speci¯ed by the data ¯les of Protein Data
Bank (PDB). The dataset, a subsetof CB513, is com-

13 The source code in ANSI C can be accessed at
http://www.gatsb y.ucl.ac.uk/ » chuwei/co de/bspss.tar.gz.

14 It is also possible to further improve performance by
constructing smoothers over current predictiv e outputs as
Cu® and Barton (2000) did in their Jury networks.

Table 3. Predictiv e results of our algorithm using PSSM on
the protein data of CASP.

CASP2 CASP3 CASP4 CASP5
(20 chains) (36 chains) (40 chains) (56 chains)

Q 3 73.40% 71.12% 74.32% 74.03%
Q obs

H 76.62% 73.12% 80.22% 80.43%
Q obs

E 61.29% 56.35% 57.81% 59.52%
Q obs

C 77.73% 78.88% 78.00% 76.81%
Q pr ed

H 79.71% 74.91% 81.33% 76.95%
Q pr ed

E 76.48% 78.39% 76.19% 78.10%
Q pr ed

C 67.36% 65.99% 67.28% 69.88%

posedof 152 protein chains along with ¯ -sheetde¯ni-
tions. This reduction was causedby the incomplete-
nessin the long rangeinteraction information in many
of the original PDB ¯les. We carried out 30-fold cross
validation on this subset. In MCMC sampling, we col-
lected 9000samples.We have not yet observed signif-
icant improvement on secondarystructure prediction
accuracy in the sampling results over exact inference
without interactions. This suggeststhat in our cur-
rent model, the main determinants of ¯ -sheetstructure
are local contributions rather than distal hydrogen-
bonding information. The small size of training data
might be another factor. However it is interesting that
we can infer ¯ -sheetcontacts. We present two predic-
tiv e contact maps in Figure 4 as examples. We have
also computed the area under the ROC curve (AUC)
for ¯ -sheetcontact prediction. The averageAUC over
theseprotein chains is 0:899§ 0:086.

7.3. Test on CASP

The meetings of Critical Assessment of techniques
for protein Structure Prediction (CASP) facilitate
large-scale experiments to assessprotein structure
prediction methods. We extracted protein chains
of the latest four meetings from the public web
page of the Protein Structure Prediction Center
http://predictioncen ter.llnl.gov/. 15 Using the 480
chains from CB513 and their PSSM pro¯les as train-
ing data, we built up our model, and then carried out
prediction on theseCASP proteins. The predictive re-
sults of our algorithm are reported in Table 3 indexed
by the meetings. Theseresults indicate that our algo-
rithm givesa performancethat is very similar to that
given by other contemporary methods.

8. Conclusion

In this paper, we propose a graphical model with a
novel parametric likelihood function to exploit the in-
formation in alignment pro¯les. Long range inter-
action information in ¯ -sheetscan be directly incor-

15 On this web site, we can ¯nd the predictiv e results
produced by other contemporary methods.



Figure 4. True ¯ -sheet contact maps versus predictiv e
maps on protein chains 1ISA B and 3PMG B. Gray scale
indicates the probabilit y P (Cij = 1jO).

porated into the model. The numerical results show
that the generalization performance of this graphical
model is competitiv e with other contemporary meth-
ods. Inference on contact maps can also be carried
out in the Bayesian segmental framework. Moreover,
with the inclusion of dihedral angle information in
the joint sequence-structureprobabilit y distribution,
this graphical model alsohas the potential for tertiary
structure prediction.
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