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Abstract

In kernel methods, an interesting recert de-
velopmert seeksto learn a good kernel from
empirical data automatically. In this pa-
per, by regarding the transductive learn-
ing of the kernel matrix as a missing data
problem, we propose a Bayesian hierarchi-
cal model for the problem and devise the
Tanner-Wong data augmertation algorithm
for making inference on the model. The
Tanner-Wong algorithm is closely related to
Gibbs sampling, and it alsobearsa strong re-
senblance to the expectation-maximization
(EM) algorithm. For an excient implementa-
tion, we proposea simpli ed Bayesianhierar-
chical model and the corresponding Tanner-
Wong algorithm. We expressthe relation-
ship between the kernel on the input space
and the kernel on the output space as a
symmetric-de nite generalizedeigenproblem.
Based on this eigenproblem,an ezcient ap-
proach to choosingthe basekernelmatricesis
preseried. The e®ectivenessof our Bayesian
model with the Tanner-Wong algorithm is
demonstratedthrough someclassi cation ex-
periments shaving promising results.

1. Intro duction

In recent years, kernel methods have rapidly gained
much popularity due to their °exibilit y and theoreti-
cal elegance.For most kernel-basedlearning methods
in existence,the practitioner hasto prespecify a kernel
function in advance before learning proceeds. Choos-
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ing a good kernel for the problem at hand is more of
an art than a science.Sincea kernelinducesa feature
space,it is easyto understandthat an appropriate ker-
nel choice should take into account the empirical data
available for a learning problem. Sincein practice we
often deal with "nite-sized data sets, almost all infor-
mation in the kernel function can be encaded by the
kernel matrix. As a result, one could bypassthe learn-
ing of the kernel function by just learning the kernel
matrix instead. For simplicity, from now on, we do
not make any distinction betweenlearning the kernel
function and learning the kernel matrix.

Somerecert studies pursueto learn the kernel matrix

from empirical data automatically. One major issue
to consideris what constitutes a good kernel matrix.

More speci cally, we need a criterion for optimizing

the kernel matrix. The alignment was proposed as
such a criterion dened in the form of a similarity
measure between kernel matrices (Cristianini et al.,
2002). Basedon this criterion, seweral methods have
been proposed for optimizing the kernel matrix, in-
cluding a spectral method (Cristianini et al., 2002),
semi-de nite programming (SDP) (Lanckriet et al.,
2002), the Gram-Schmidt method (Kandola et al.,
2002),and a gradient-based method (Bousquet & Her-
rmann, 2003). Crammer et al. (2003) cast the kernel
matrix learning problem under the boosting paradigm
for constructing an accurate kernel from simple base
kernels. In the casethat there are missingdata in the
kernel matrix, Tsuda et al. (2003) deweloped a para-
metric approacd to kernel matrix completion using the
em algorithm basedon information geometry (Amari,

1995). In their approad, the Kullback-Leibler (KL)

divergenceis usedfor measuringthe similarity between
kernel matrices.

Assuming that the kernel matrix is a random posi-
tive de nite matrix following the Wishart distribution
(Gupta & Nagar, 2000),Zhanget al. (2003b) rst pro-



poseda generative model of the kernel matrix. In the
transductive setting, Zhang et al. (2003a) presered
a Bayesian hierarchical model and showed that the
expectation-maximization (EM) algorithm (Dempster
et al., 1977) can be used to learn the kernel matrix
through maximum a posteriori (MAP) estimation or,
more generally, maximum penalizedlikelihood estima-
tion. In particular, given the kernel matrix on the
training data, the EM algorithm is usedto alternately
infer the kernel matrix on the test data and the kernel
matrix relating the training data to the test data, as
well asthe parameter matrix of the Wishart distribu-
tion for the kernel matrix.

In this paper, based on the Bayesian hierarchical
model proposedby Zhang et al. (2003a), we use the
Tanner-Wong data augmertation algorithm (Tanner &
Wong, 1987) for Bayesianinferenceto solve the kernel
matrix learning problem under the transductive set-
ting. The Tanner-Wong algorithm is closelyrelated to
Gibbs sampling which is a type of Markov chain Monte
Carlo (MCMC) method. Like the EM algorithm, the
Tanner-Wongalgorithm hasbeenwidely usedin statis-
tical inferencefor incomplete data problems (Schafer,
1997). Moreover, it alsostrongly resenblesthe EM al-
gorithm. The Tanner-Wong algorithm consistsof the
Imputation step (I-step) and the Posterior step (P-
step). The I-step simulates a random draw of some
complete-data sutcient statistics, whereasthe E-step
of EM computesthe expectation of the complete-data
suzcient statistics. Typically, the implementation of
the I-step is very similar to that of the E-step. On
the other hand, the P-step of the Tanner-Wong al-
gorithm is a random draw from some complete-data
posterior, while the M-step of EM performs maximiza-
tion of the complete-data likelihood. In other words,
both the I-step and the E-step are usedto estimate the
values of the missing data, while the P-step and the
M-step are both usedto estimate the unknown values
of the model parameters. Our results in Section 3 fur-
ther demonstrate this strong resenblance betweenthe
Tanner-Wong algorithm and the EM algorithm.

For our kernel matrix learning problem, the computa-
tional requiremerts would be very high if the Tanner-
Wong algorithm works on matrix variate distributions.

To make our method feasiblein practice, we present in
this paper a simpli ed Bayesianhierarchical model so
that the Tanner-Wong algorithm canwork on distribu-

tions over random variablesor random vectors(instead
of random matrices). This is motivated by someexist-
ing kernel matrix learning methods (Crammer et al.,
2003; Cristianini et al., 2002; Lanckriet et al., 2002;
Tsuda et al., 2003), which constrain the target ker-
nel matrix to a weighted combination of some xed

base kernel matrices so that the kernel matrix learn-
ing problem can be simplied to the estimation of the
weighting coezcients. Apparently, the performanceof
these methods depends critically on the choice of the
basekernel matrices. Howewer, very little hasbeenad-
dressedon how to prespecify the basekernel matrices.
Usually, they are obtained from the eigervectors of an
empirical kernel matrix on the input space. In this
paper, by a symmetric-de nite generalizedeigenprob-
lem we assaiate the kernel matrix on the input space
and the kernel matrix on the output space.Basedon
this eigenproblem,we presert an excient approadc to
choosing the basekernel matrices by exploiting infor-
mation not just from the input kernel matrix but also
from the partial output kernel on the training set.

The rest of this paper is organized as follows. Sec-
tions 2 presens a basicBayesianhierarchical model for
the kernel matrix learning problem. In Section 3, we
devise a general Tanner-Wong data augmertation al-
gorithm for making inferenceon the basicmodel. Sec-
tion 4 givesa simpli ed Bayesian hierarchical model
and the corresponding Tanner-Wong algorithm. We
also presen an excient method for choosing the base
kernel matrices. Section 5 preserts the experimental
results and the last section gives some concluding re-
marks.

2. Basic Bayesian Hierarc hical Mo del

We consider the kernel matrix learning problem for
classi cation in a transductive setting. Let the train-

spectively, where x; 2 RY for i = 1;:::;n; + ny,
yi 2 f1,2;:::;¢cq9 fori = 1;:::;n; and y;'s are un-
known fori = ny+1;:::;n1+ n,. Letting n = ny+ ny,
wereferto X = fXq;:::;Xn,; Xn,+1; i Xngand Y =
fY1,:0Yn,  Yn 415000 Yng as the input set and out-

put set, respectively. We de ne a kernel matrix K on
(T[ T)YE (T [ T) and partition it as
. Ki K’
K = ; 1

Kai Kz @
where n1£n; and n,£ n, matrices K 1; and K, are
de ned on the training and test sets, respectively, and
n,£ Ny matrix Ko; (= K?z) characterizesthe similar-
ity betweenthe training and test data.

In general,de nition of the kernel matrix K depends
on the problem consideredand the prior knowledge
available. Letk, : X£X ! Randko :YEY ! Rde-
note the input kernel and output kernel, respectively.
We de ne A asthe input kernel matrix for X using
input kernel k; and B as the output kernel matrix



for Y using output kernel ko. Augmenting any in-
put vector x with the corresponding output y to form
a vector z = (x;y), we de ne a kernel matrix K on
(X £ Y)E (X £Y)in this paper. Speci cally, in our
experimerts to be presened later, we de ne the ker-
nel matrix K = (A + B)=2asthe discriminant kgrnel
(zhang, 2003), where A = exp(ik x; j x;k*=") .

is the standard Gaussiankerneland B is the ideal ker—
nel (Cristianini et al., 2002) basedon the training set,

ie., Y,

Following the generative model formulation of the ker-
nel matrix in (Zhang et al., 2003a), we now assume
that the kernel matrix K is distributed according to
a Wishart distribution W (r;8) (Gupta & Nagar,
2000), as

p(Kj8;r)= .
j§i KN D exp

1 s

=tr(8' K
C(n;r) 2 (8 )
Here § A 0 is an nE£n positive de nite parameter
matrix, * r 5the degreeof freedom,and C(n;r) =
21m=23p(ni =4 (-1 i( ©5H) is a normalization term
where j( ¢ is the Gammafunctlon

The parameter matrix § is left completely unspeci ed
in the model. However, its uncertainty is in°uenced by
a higher-level prior distribution. In particular, we use
a conjugate prior on §, i.e., § is distributed accord-
ing to the inverted Wishart distribution | W,(";£)
(Gupta & Nagar, 2000), as

P8 JjE;) =

j£j ~2jgji (*neD 2exp i tr(£§‘1) ;

1
C(n;")

where £ A 0 is an n£ n hyperparameter matrix. It
alsofollows that D = § i ! is distributed according to

W, (";£71). Moreover, the conditional distribution
of D onK isW,(r+ ;(K + £) 1) (Gupta & Nagar,
2000).

As for 8, we could again de ne £ asa random ma-
trix and then incorporate another higher-level prior.
However, for simplicity, £ is held "xed in this paper.
In particular, we use the Gaussiankernel on the in-
put set X to de ne £ . In general, other kernels, such
as the commonly used polynomial kernel, Laplacian
kernel and linear kernel (de ned on X), may also be
used. Another possibility is to de'ne £ asa weighted

YIn this paper, A A 0 meansthat A is positive de nite
and A °© 0 meansthat it is positive semi-de nite.

conmbination of di®erert kernel matrices. Moreover,
for simplicity, r and = are alsoheld "xed in this paper.
Our model is thus a hierarchical model with three lev-
els. The “rst level correspnds to a random Wishart
matrix, the secondlevel corresponds to the parame-
ter matrix of the Wishart matrix, and the third level
corresponds to the hyperparameter matrix of the pa-
rameter matrix.

The obsened data set provides a particular realiza-
tion of K. With an abuseof notation, we will denote
this realization again by K. Note that K represens
the partially obsened kernel matrix, since only the
K11 part of K in (1) is available from the obsened
data, while both K; (and henceK 1) and K ,, are
missing. In other words, if we considerthis asa miss-
ing data problem, then the incomplete (obsenable)
data isK 11, the completedata is (K 11; K 21; K 22), and
the goal is to infer the missing data (K »; and K ;)
and the unknown model parameters (8§, or equiva-
lently D = §i1). Considerthat K A 0 if and only
if Ki7 A 0 and K4 A 0 (Horn & Johnson, 1985),
where K 200 = Koz i K21K iK1, is the Schur com-
plement of K ;1. WetakefK 11;K 21;K 2200 instead as
the complete data to ensurethat K is always positive
de nite. Thus, the likelihood function of the complete
data is

P(K11;K21; K22 j D) =
P(K11jD)p(K22¢ j D) p(K 21 j K11;D):

While Zhang et al. (2003a) proposed an EM algo-
rithm to solve this missing data problem, we propose
using the Tanner-Wong data augmertation algorithm
(Tanner & Wong, 1987) as an alternative method for
solving the sameproblem.

3. Tanner-W ong Algorithm for Kernel

Matrix Learning

In general,for the completedata Y = (Ygbs; Ymis ) With
unknown parameter p, the Tanner-Wong data aug-
mentation starts from an initial parameter estimate
U@ and then repeats the following two stepsin an
alternating manner:

I-step  (Imputation) Given the current p®,
sample a value of the missing data Ypmis from its
conditional distribution,

Yn(1t|s+1) S P(Ymis onbs;H(t)): (2)

P-step (P osterior) : Conditioning on Yn(ﬁ;l),

sample a new value of the unknown parameter



p from its complete-data posterior distribution,

(t+1)

D s (U Yobs; Yomia 2 ): ®)

It can be shown that this iterativ e procedureyields a

stochastic sequencef (LV; Y1) 1t = 1;2;:::g with
stationary distribution p(W; Ymis | Yobs)- Further-

more, the stationary distributions of the subsequences
fu® :t = 1;2;:::9 and fYn(fig St = 1;,2:::g are
P(K1j Yobs) @and p(Ymis j Yobs), respectively. Obviously,
data augmertation is a special caseof Gibbs sampling
with (Ymis ; W) partitioned into Ypis and . It is also
closely related to the EM algorithm, where the I-step
correspondsto the E-step and the P-step corresponds
to the M-step.

For our hierarchical model de ned in the previous sec-
tion, we have Y = K with Ygps = K11 and Ypis =
(K21;K22¢1), and p= D. Thus, Bayesianinferenceis
basedon the joint density of all variables,i.e.,

pP(K11;K21; K 220, D) = 4)
P(K11 ] D) p(K 2261 j D) p(K 21 j K11; D) p(D):

As for K in (1), 8, D and £ are similarly partitioned
as

§ = 811 812 .
_§21 8
Dy D12’

D = 1
_ D21 D2

£ = £ £12°
£ £2

From (Zhang et al., 2003a)or (Gupta & Nagar, 2000),
we have

Kii s W, (r;811);

Ko s Wy,(r;82);

Koa S Wp,(ri ni;8aa);
KorjKiz S N(82181K11;82a- K1)

It is easyto seethat D11 = §i %, D2 = §bs and
DDy = i 81818 Then, given the current pa-
rameter estimate D (), the I-step simulates K »; and
K 204 by drawing from the following distributions:

i . _ ¢

ki jose s N'i (DY) 1D(2‘1>K1$;(D(2‘;)' Lo Ky
. | .

K§a it s Wn, rin;(DE) " (5)

and the P-step draws the parameter D from the fol-
lowing distribution:

i ¢
DD jeees W, 'r+ QW (6)

Here QU = (KM + £)i 1 and it is partitioned into
Q= Qu Qu’
Q21 Q22
ditioning on all other variables. The P-stepin (6) can
also be expressedas the following equivalent form:

asfor K, and \j ¢¢¢" meanscon-

: i ¢
D@ jee¢ s Wn, r+ | nz&Qﬁ‘l’@ :
DL joet s Wa, 1+ QW
i . ¢
DY joe s N'DEY Q) D EY - Qe

From the I-step in (5), we can seethat only the values

of DL; D1 and Db, are required. Sinceour ultimate
goal is to estimate the missing data K»; and K 2¢

but not D, this motivatesusto directly draw D b,'D »;
and Db, instead of D11, D21 and Dy, in the P-
step. Note that Dizle 21 IS a regressionmatrix. From
results on the distribution of the regressionmatrix (see

(Gupta & Nagar, 2000)), we can obtain an alternative
P-step as

i 1) i . ) ¢
(Dy'Da)™ jete s T'si(Q%) Q% Q%) Qe ;
ENCON N NEL

(D22) jeet s I Wn, 1+ 75(Qz) 7
i ¢
wheres=r+"j np+1andT s Tlm;M;X;Y isa
p£ g random matrix with matrix variate t-distribution
(Gupta & Nagar, 2000) as
p(T jm;M;X3Y) =

oM+ P di Dl sqiy i te g
YePliplz(m+ pi 1)]

5T $(m+p+ai 1),

T+ XEYT G M)YIYT MO

As Qe = (Ku + £1)'% (QE)QY =
i (KE) + £o)(Ku + £1)'F and (QY)) 2
K9 + KKK+ £ 501 (K5 + £ 21)(Kuy +
£ 11)1 2K+ £ 21)0 our data augmertation algorithm
has a strong resenblance to the EM algorithm pre-
serted in (Zhang et al., 2003a).

4. A Simplied Bayesian Mo del for
Kernel Matrix Learning

A major practical problem with the method preserned
in the previous section is its high computational re-
quirements, since the Tanner-Wong algorithm has to
work on matrix variate distributions. Moreover, to
the best of our knowledge, it is intractable to draw a
matrix from a matrix-v ariate normal distribution or a
matrix-v ariate t-distribution, although it is tractable
to draw a matrix from a Wishart distribution. There-
fore, it is necessaryto seekan e®ective and tractable



implemenrtation of the data augmenation algorithm.
In this section, we proposea simpli ed Bayesianmodel
that makesit possibleto dewelop an etcient imple-
merntation.

In the kernel matrix learning literature (Crammer
et al., 2003; Cristianini et al., 2002; Lanckriet et al.,
2002; Tsuda et al., 2003), it is common to constrain
the target kernel to a weighted combination of some
available basekernels so that the learning problem is
simpli ed to the estimation of the weighting coez-
cients. In particularp the target kernel matrix G is
expressedas G = [, 1t %with | > 0. Let
FstoiintJand L o= diag(, 15, 2;:005, n)-

Then G = ULU. Wereferto U and® ;t ¥s asthe
basematrix and the basekernel matrices, respectively.

Now, givenU, wewant to estimate, ;'s and henceG to
approximate somedesiredkernel H, such asthe ideal
kernel (Cristianini et al., 2002), basedon some crite-
rion like the kernel alignment or the KL divergence
betweenG and H. This motivates us to devisea sim-
plied Bayesian hierarchical model and then an ex-

cient implementation of the Tanner-Wong algorithm.

4.1. A Simplied Bayesian Hierarc hical Mo del

Weknow that if X s Wy(r; Y ) and there exists a non-
singular matrix C suc that CO%YC = ¢ where ¢ is
diagonal, then CXC s W,(r;¢ ) (Gupta & Nagar,
2000). We apply this property to our basic model pre-
sented in Section 2. Assumethat we are given a non-
singular matrix C sud that C% C is diagonal and we
dene W = CKC, then W s distributed according
to the Wishart distribution with a diagonal parameter
matrix ¢ =
give a model as

W s W,(r;¢): (7)

Note that a Wishart matrix with a diagonal parameter
matrix is not diagonal. Soour simpli'ed model is fea-
sible and the kernel matrix learning problem becomes
estimating the matrices W ,; and W ;.

In a Bayesian hierarchical framework, ¢ can have its
own prior distribution. Here, we assumethat the
% 's area priori conditionally independert given some
hyperparameters. In particular, we use the inverted
Gamma distribution

516G it (8)

as a conjugate prior for the 's. Thus, ij‘ s G(';)),
i.e., it follows a Gamma distribution. In this paper,
we X the hyperparameter” and use

.8 G(3¢) 9)

asthe prior for | .

Our goalis to estimate both the missingdata W ,; and
W 5, and the unknown parameter ¢ . In order to en-
surethat W A 0, wetreat (W 11; W 21; W 2¢) instead
of (W 11; W 21; W ;) asthe complete data. Our prob-
lem then becomesestimating the missing data W »;
and W ¢ and the parameter ¢ from the obsened
data W ;;. Bayesian inference is based on the joint
density of all variables, i.e.,

P(W 11 ¢ )p(W 21, Waoe j¢ ;Wi1) ¢

p(x ) (10)

The following theorem (Gupta & Nagar, 2000) will be
very usefulin the sequel.

Theorem 1 SupmseW s W, (r;¢ ) with W;¢ A0
partitioned as

Wi Wi " ¢, 0 7.

Wo Wy 0 ¢,

where W 1; and ¢ ;, are both of sizen,;£n;. Then

(I) Wll S Wnl(r;¢ 1) anszg S an(r;¢ 2);
(i) W21jW 118 N(0;¢ - Wyy); and

(i) W S Wp,(ri ni;¢ ) and is independent of
W o, and W 11-

Using Theorem 1(iii), (10) canthus be rewritten as
PIW 12 W o1 ;W opp 8 i ) =

P(W 11 ¢ 1) p(Warj ¢ 2;Wi1) p(Wo2e j € 2) ¢
P L) (11)

i=1

leading to a simpli ed hierarchical model.
4.2. Tanner-W ong Algorithm  for the
Simplied Mo del

In this subsection, we apply the Tanner-Wong algo-
rithm to carry out Bayesian inference on the simpli-
“ed hierarchical model in (11). That is, we simulate
the missing data W ,; and W 2,4 and the parameter
¢ iteratively by (2) and (3). Given the current pa-

simulates W 1 and W ,,¢ by drawing from the follow-
ing distributions:

N(0;¢ Y - W)
Wotr i naie )

w i jeee s
W j et s

(12)
(13)



and the P-step draws the parameters#'s and hyper-
parameter , from the following distributions:
3

o
G+t .

. (t+1) J ¢t s |#| 1 :

i=1 4
. ¢ 3
l%i 1 ¥(t+1) J e s G ‘4 r:2;’ (t+1) + Wj(t):2 .

Here w" is the (j;j)th elemen of W(®. The I-
step can be easily obtained from Theorem 1(ii) and
(iii), and the derivation of the P-step is basedon the

is an ni-dimensional vector. Then the I-step (12)
is equivalent to one that separately simulates b; for
j = 1;:::;n,, instead of W 54, by

b jeee s N (O£, Wi): (14)

Our revised Tanner-Wong data augmernation algo-
rithm is tractable becauseit involves only random
draws of the Gamma variable, the Gaussian vector,
and the Wishart matrix.

We can seethat the computational cost of the cur-
rent algorithm is dominated by the I-step (13) for
W 2. Here we give a further predigestion. In par-
ticular, we approximate W ,,¢ with a diagonal matrix

g i ¢
O jeees G (ri n)=2'sr V=2

U L 11

(15)

4.3. Generalized Eigenproblem
the Base Kernel Matrices

for Cho osing

Having formulated a simpli ed hierarchical model and
devised a tractable Tanner-Wong algorithm, we now
cometo the question of how to choosethe nonsingular
matrix C. Note that C plays the samerole asthe base
matrix U mentioned earlier in this section. In most ex-
isting kernel matrix learning methods, a widely used
approad is to set U to be the eigervector matrix of
an empirical input kernel matrix. For our model, since
the hyperparameter matrix £ is a priori speci ed, we
can use the matrix consisting of the eigernvectors of
£ as a base matrix. In this subsection, by formu-
lating a symmetric-de nite generalizedeigenproblem,
we presert an excient approad to specifying the base
kernel matrices.

Like K, we partition the input kernel matrix A and
output kernel matrix B as

A A’
A = :

Ax Ax
B = Biu B .

B2a: B2

Obviously, A is known. For B, howewer, B 17 is known
but B1> and B, are both unknown. Therefore, our
problem is to estimate B 1, and B,, from A and B ;.

We tackle this problem by formulating a symmetric-
de nite genenlized eigenpoblem (Golub & Loan,
1996). For the kernel matrices A 2 R"" and B 2
R"£" we considera generalizedeigervalue system of
the form

jAj ,Bj=0 (16)
Here and later, we assumethat A A 0 and B ° 0.
With the generalized eigenproblem (Golub & Loan,
1996), we know that A and B can be simultaneously
diagonalized. More speci cally, there exists a nonsin-
gular matrix Q such that

A=Q%Q; B=Q%Q;

.1, ¢, . Oarethe roots of (16). Howewer, it
is intractable to determine such Q since someertries
of B are unknown. On the other hand, it is easyto
simultaneously diagonalizeA 1; and B 1;. Our point of
departure is to obtain an approximation of Q through
co-diagonalizingA 1; and B ;. The following theorem
provides a method for our purpose.

Theorem 2 Given A A 0 and B ° 0 partitioned as
in (1), there exists a nonsingular matrix
Ccy 0

C= 0.c, o

A illlA 12 )
| (17)

such that

A=C%; Ayu=cCiC;; By =Cl%,Cy; (18)

wher @ ; is diagonal.

The proof of this theoremis givenin Appendix A. This
theorem givesus a basematrix C and its proof proce-
dure provides a method to compute C. Denotethe ith
column vector of C by c;j, then cjci's constitute a set
of basekernel matrices. Recall that, unlike the usual
basematrix U, C is not orthonormal. Although or-
thonormality is unnecessaryfor our problem, one may
chooseto orthonormalize C by using such methods as
the Gram-Schmidt method since C is nonsingular. It
is worthy to note that C is de ned by using not only
information from the input kernel matrix A but also
information from the partial output kernelmatrix B 1;.
Information from both input and output is expected
to be useful for classi cation and regressionproblems.

Let B = C%SC and K = CA C. We partition S and
- S Sz’ Wiy Wap o

W into

S S W Wa

tively. By simple arithmetic calculations, it is obvious

and , respec-



that S;; = o is diagonal. Howewer, it is not always
true that Si;» = 0 and Sy, is diagonal. As a result,
this implies that S is not necessarilydiagonal. We
now work with W instead of K so that the original
transductive learning problem can be simplied. In
other words, we treat C asa basematrix and W asa
matrix to be estimated.

5. Exp eriments

To demonstrate the excacy of our method, we apply
it to the classi cation problem on the ionosphereand
wine data setsfrom the UCI Machine Learning Repos-
itory and also the USPS handwritten digit data set
with 16£ 16 digit images. For simplicity, we only use
digits 1, 2, 3 and 4 corresponding to four classeswith
1269,929, 824 and 852 examples,respectively. As dis-
cussedin Section 2, we setthe complete kernel matrix
asK = (A + B)=2. We then follow the procedure
described above to estimate the missing erntries in K .
We “rst apply the method given in Section4.3to ob-
tain the basematrix C asde ned in (17). Next, we let
W 11 = (I+8,)=2wherea ; isde ned in (18) and then
use the Tanner-Wong algorithm given in Section 4.2
to obtain W ; and W »,. We run the algorithm for
2,000iterations. The rst 1,000iterations are treated
as burn-in; inferenceis basedonly on the remaining
1,000iterations. We usethe following settings for the
hyperparameters: r = n+ 1in (7), ° = 3:0 in (8),
3 = 05and ¢ = ®ny=tr(W 1) in (9) where ® is a
constart in [0:9; 3:0] (here we set® = 1:2). In the last
step, wesetK = COW C to obtain the complete kernel
matrix K.

After obtaining K, we implemert the kernel nearest
mean (KNM) classi er using K. Details of its im-
plementation can be found in (Zhang et al., 2003a).
To compareit with someexisting kernel classi cation
methods based on the input kernel A, we also im-
plemert kernel Fisher discriminant analysis (KFD A),

support vector machine (SVM), and KNM. Moreover,
we also implement the KNM classi er described in
(Zhang et al., 2003a), which usesthe EM algorithm to
complete K. For convenience,we denote it as KNM-

EM. Experiments on these classi ers are performed
with the following parameter settings. Weset = 2:5
for the ionosphereind winedata setsand set  to bethe
average Euclidean distance for the training examples
in the USPSdata set. For SVM, we set the regular-
ization parameter C = 300. The results are averaged
over 30 random splits of the data. For ionosphereand
wine we use 60% of the data for training and the re-
maining 40% for testing, while for USPSwe use 99%
for training and 1% for testing.

Table 1 shows the classi cation results. The standard
deviations over 30 random splits are also shawvn in-
side brackets. In the table, KNM-TW1 refersto our
method with the I-step for W 24 basedon (13), while
KNM-TW2 refers to the method when (15) is used
instead for the I-step. We can seethat the two meth-
ods give very similar results. This shows that even
though the more extcient KNM-TW2 method only
makes use of the approximate I-step in (15), it is ef-
fective enoughin delivering comparable performance.
Thus, for the much larger USPS data set, we useonly
KNM-TW2 which is more excient. Note that KNM-
EM also gives comparable classi cation accuraciesas
KNM-TW's, although KNM-EM works under a fully
Bayesian setting on the kernel matrix K. The classi-
“cation accuraciesof KFD A and SVM are also close,
though generally lower.

6. Conclusion

In this paper, we have proposedtwo Bayesian hier-
archical models for kernel matrix learning using the
Tanner-Wong data augmertation algorithm, which is a
variant of MCMC methods for missing data problems.
Moreover, by formulating a symmetric-de nite gener-
alized eigenproblem,we presen a method for choosing
the basekernel matrices. We have demonstrated the
°exibilit y and etcacy of our method under the clas-
si cation setting. Although the formulation in this
paper is basedon the classi cation problem, it can be
extended to the regressionproblem when the output

spaceis corntinuous rather than discrete. In our pre-
vious work (Zhang et al., 2003b), we showved that the
r parameter in the Wishart distribution is equal to
the dimensionality of the feature spaceinduced by K

and it canbe estimatedusing EM (Zhang et al., 2003a;
Zhanget al., 2003b). In principle, we may alsode ne a
prior distribution for r, such asa Gammadistribution,

and then usethe approac presened in this paper to
estimate it.
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A. Pro of of Theorem 2

SinceA A 0and B A 0, it then follows from (Golub
& Loan, 1996)that A1 A 0, Axa A 0,and B 11 Ao0.
Furthermore, from (Golub & Loan, 1996), there exist



Table 1. Test set accuraciesobtained from the classi cation experiments (the highest values are shown in boldface).

KNM-TW1

KNM-TW2

{

KNM-EM

KFD A

SVM

KNM

ionosphere

94.33(§ 1.48)

94.60 (5§ 1.14)

9450 (§ 1.87)

92.14(§ 2.05)

91.71(8 2.05)

68.05 (§ 4.74)

wine

97.93(§ 1.47)

97.51(§ 1.80)

98.12 (§ 1.45)

95.59 (§ 2.76)

96.85 (§ 1.51)

94.04 (§ 3.50)

USPS

{

93.05 (§ 1.15)

92.28(§ 1.18)

91.09 (§4.22)

90.27 (§ 1.78)

92.04(§ 1.29)

nonsingular matrices C; and C, such that

A1 =CICy; By =Clo,Cy;
where @ ; is diagonal and C9C, = A,y4. Note that
. I 0" Au An | P ALTA L T
i AuALl Az A 0 |
_ An 0
- 0 Axa
Sowe have
CAn AL o"cgo’¢
Ax Az AxpAil | 0 C9
C: 0 ° 1 AitAp .
0 C, 0 | ’
. _C1 0 1 AfAL”
Putting C = 0 C, 0 | , we have
A = CCC.
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