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Abstract
Theperformanceof graphbasedclusteringmeth-
odscritically dependson the quality of the dis-
tancefunction usedto computesimilarities be-
tweenpairs of neighboringnodes. In this pa-
per we learn distancefunctionsby training bi-
nary classi�ers with margins. The classi�ers
are de�ned over the product spaceof pairs of
pointsandaretrainedto distinguishwhethertwo
points come from the sameclassor not. The
signedmargin is usedasthedistancevalue.Our
main contribution is a distancelearningmethod
(DistBoost), which combinesboostinghypothe-
sesover the productspacewith a weak learner
basedon partitioningthe original featurespace.
Each weak hypothesisis a Gaussianmixture
model computedusing a semi-supervisedcon-
strainedEM algorithm, which is trained using
both unlabeledand labeleddata. We also con-
sider SVM and decisiontreesboostingas mar-
gin basedclassi�ers in the productspace. We
experimentallycomparethe margin baseddis-
tancefunctionswith otherexisting metric learn-
ing methods,andwith existingtechniquesfor the
direct incorporationof constraintsinto various
clusteringalgorithms. Clusteringperformance
is measuredon somebenchmarkdatabasesfrom
the UCI repository, a samplefrom the MNIST
database,anda datasetof color imagesof ani-
mals.In mostcasestheDistBoostalgorithmsig-
ni�cantly androbustlyoutperformedits competi-
tors.

1. Intr oduction

Graphbasedclusteringmethodshavebeenwidely andsuc-
cessfullyusedin many domainssuchascomputervision,
bioinformaticsandexploratorydataanalysis.Thiscategory
spansawiderangeof algorithms,from classicalagglomer-
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ative methodssuchasaverage linkage (Dudaet al., 2001),
to the recentlydevelopedandmoresophisticatedspectral
methods(Shi & Malik, 2000)andstochasticformulations
(Blatt et al., 1997;Gdalyahuet al., 2001). The initial rep-
resentationin all thesemethodsis a matrix (or graph)of
distancesbetweenall pairsof datapoints.Thecomputation
of thisdistancematrixis considereda“preprocessing”step,
andtypically oneusessome�	� normon thefeaturespace
(or a relatedvariant).

Despite the important differencesbetweenthe various
graph-basedclusteringalgorithms,it is widely acknowl-
edgedthatclusteringperformancecritically dependsonthe
quality of thedistancefunctionused.Often thequality of
the distancefunction is moreimportantthenthe speci�cs
of theclusteringalgorithm. In this paperwe focuson the
questionof how to learna “good” distancefunction,which
will leadto improvedclustering.Our maincontribution is
DistBoost- anovel semi-supervisedalgorithmfor learning
distancefunctions.

Weconsiderasemi-supervisedclusteringscenarioin which
the data is augmentedby somesparseside information,
in the form of equivalenceconstraints.Equivalencecon-
straintsare relationsbetweenpairs of datapoints, which
indicatewhetherthe points belongto the samecategory
or not. We term a constraint'positive' when the points
areknown to be from the sameclass,and 'negative' oth-
erwise. Suchconstraintscarry lessinformation than ex-
plicit labelson theoriginal datapoints,sinceclearlyequiv-
alenceconstraintscanbeobtainedfrom explicit labelsbut
not viceversa.Moreimportantly, it hasbeensuggestedthat
in somecasesequivalenceconstraintsareeasierto obtain,
especiallywhen the databaseis very large and contains
a large numberof categories without pre-de�ned names
(Hertzetal., 2003).

In recentyearstherehasbeenagrowing interestin semisu-
pervisedclusteringscenarios,leadingto two different(and
related)lines of research.In the �rst, the constraintsare
incorporateddirectly into the clusteringalgorithm, limit-
ing the clusteringsolutionsconsideredto thosethat com-
ply with the given constraints. Examplesare the con-
strainedcompletelinkage algorithm (Klein et al., 2002),



constrainedK-means(Wagstaff et al., 2001) and a con-
strainedEM of a Gaussianmixture (Shentalet al., 2003).
The secondline of research,to which this work belongs,
usestheconstraintsto learnan informative distancefunc-
tion (prior to clustering).Most of thework in this areahas
focusedon thelearningof Mahalanobisdistancefunctions
of theform ���������
	��
��������� (Shentalet al., 2002;Xing
et al., 2002). In thesepapersthe parametricMahalanobis
metric wasusedin combinationwith somesuitablepara-
metric clusteringalgorithm,suchasK-meansor EM of a
mixtureof Gaussians.In contrast,wedevelopin this paper
a methodthat learnsa non-parametricdistancefunction,
which canbemorenaturallyusedin non-parametricgraph
basedclustering.

Moreformally, let � denotetheoriginaldataspace,andas-
sumethatthedatais sampledfrom � discretelabels.Our
goal is to learna distancefunction ������������� ��� � ! .1

Our key observation is that we canlearnsucha function,
by posinga relatedbinary classi�cationproblemover the
productspace�"�#� , andsolving it usingmargin based
classi�cationtechniques.Thebinaryproblemis theprob-
lemof distinguishingbetweenpairsof pointsthatbelongto
the sameclassandpairsof pointsthat belongto different
classes.2 The training dataincludeda set of equivalence
constraints,which canbe formally regardedasbinary la-
belson pointsin �$�%� . If we labelpairsof pointsfrom
thesameclassby � andpairsof pointsbelongingto differ-
entclassesby � , we caninterprettheclassi�er's margin as
therequireddistancefunction.

Having reduceddistancelearningto binary classi�cation
with margins, we can now attemptto solve this problem
usingstandardpowerful margin basedclassi�ers.We have
exploredbothsupportvectormachines(SVM's)andboost-
ing algorithms. However, experimentswith several SVM
variantsanddecisiontrees(C4.5)boostinghave led us to
recognizethatthespeci�c classi�cationproblemwearein-
terestedin hassomeuniquefeatureswhich requirespecial
treatment:

1. The productspacebinary function we wish to learn
hassomeuniquestructurewhich may leadto 'unnat-
ural' partitionsof the spacebetweenthe labels. The
conceptwe wish to learnis anindicatorof anequiva-
lencerelationovertheoriginalspace.Thustheproper-
tiesof transitivity andsymmetryof therelationplace
geometricalconstraintsonthebinaryhypothesis.Ob-
viously, traditional families of hypotheses,such as

1Note that this function is not necessarilya metric,asthe tri-
angleinequalitymaynot hold.

2Note that this problemis closely relatedto the multi class
classi�cationproblem:if wecancorrectlygenerateabinaryparti-
tion of thedatain productspace,weimplicitly de�ne amulti-class
classi�er in theoriginal vectorspace& .

linear separatorsor decisiontrees,arenot limited to
equivalencerelationindicators,andit' snoteasyto en-
forcetheseconstraintswhensuchclassi�ersareused.

2. In the learningsettingwe have describedabove, we
areprovidedwith ' datapointsin � andwith asparse
set of equivalenceconstraints(or labels in product
space)over somepairsof pointsin our data. We as-
sumethat thenumberof equivalenceconstraintspro-
videdis muchsmallerthanthetotal numberof equiv-
alenceconstraints()�*',+-� , andis of order ()��'�� . We
thereforehave accessto large amountsof unlabeled
data,andhencesemi-supervisedlearningseemslike
anattractive option. However, classicalbinaryclassi-
�ers likeSVM andboostingmethodsaretrainedusing
labeleddataonly.

Theseconsiderationsled usto developtheDistBoostalgo-
rithm, which is our main contribution in this paper. Dis-
tBoostis a distancelearningalgorithmwhich attemptsto
addressthe issuesdiscussedabove. It learnsa distance
functionwhich is basedonboostingbinaryclassi�erswith
acon�denceinterval in productspace,usingaweaklearner
thatlearnsin theoriginal featurespace(andnot in product
space).Wesuggestaboostingschemethatincorporatesun-
labeleddatapoints.Theseunlabeledpointsprovidea den-
sity prior, andtheirweightsrapidlydecayduringtheboost-
ing process.The weaklearnerwe useis basedon a con-
strainedExpectationMaximization(EM) algorithm,which
computesa Gaussianmixture model,andhenceprovides
a partitionof theoriginal space.TheconstrainedEM pro-
cedureusesunlabeleddataandequivalenceconstraintsto
�nd a Gaussianmixture thatcomplieswith them. A weak
productspacehypothesisis thenformedastheequivalence
relationof thecomputedpartition.

We have experimentedwith DistBoostandconductedsev-
eralempiricalcomparisonsof interest.The �rst is a com-
parisonof DistBoostto othermargin baseddistancefunc-
tions obtainedusing the more traditional algorithms of
SVM and decision tree boosting. Another comparison
is betweenDistBoostand previously suggesteddistance
learningalgorithmswhich arebasedon Mahalanobismet-
ric estimation.Finally, clusteringusingthedistancefunc-
tion learnt by DistBoostis comparedto previously sug-
gestedmethodsof incorporatingequivalenceconstraintsdi-
rectly into clusteringalgorithms. During the comparative
assessmentDistBoostwasevaluatedwith severalagglom-
erative clusteringalgorithmsand with different amounts
of equivalenceconstraintsinformation. We usedseveral
datasetsfrom theUCI repository(Blake & Merz,1998),A
samplefrom theMNIST dataset(LeCunetal.,1998),anda
datasetof naturalimagesobtainedfrom a commercialim-
ageCD. In mostof our experimentstheDistBoostmethod
outperformedits competitors.



2. Boostingoriginal spacepartitions using
DistBoost

The DistBoostalgorithm builds distancefunctionsbased
on the weightedmajority vote of a set of original space
soft partitions. Theweaklearner's taskin this framework
is to �nd plausiblepartitionsof the space,which comply
with thegivenequivalenceconstraints.In this task,theun-
labeleddatacan be of considerablehelp, as it allows to
de�ne a prior on what are 'plausiblepartitions'. In order
to incorporatetheunlabeleddatainto theboostingprocess,
weaugmentedtheAdaboostwith con�denceintervalspre-
sentedin (Schapire& Singer, 1999). The detailsof this
augmentationarepresentedin Section2.1. The detailsof
theweaklearnerwe usearepresentedin Section2.2.

2.1.Semisupervisedboostingin product space

Ourboostingschemeis anextensionof theAdaboostalgo-
rithm with con�denceintervals(Schapire& Singer, 1999;
Schapireet al., 1997)to handleunsuperviseddatapoints.
As in Adaboost,we usetheboostingprocessto maximize
the margins of the labeledpoints. The unlabeledpoints
only providea decayingdensityprior for theweaklearner.
The algorithmwe useis sketchedin Fig. 1. Given a par-
tially labeleddataset� ����� �
��� �����

�	��


where ����
�� � � � � ����� ,

thealgorithmsearchesfor ahypothesis� ��� ���
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whichminimizesthefollowing lossfunction:
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�
� ���*� ���-� �
� (1)

Notethattheunlabeledpointsdonotcontributeto themin-
imization objective (1). Rather, at eachboostinground
they aregivento theweaklearnerandsupplyit with some
(hopefullyuseful)informationregardingthedomain'sden-
sity. The unlabeledpointseffectively constrainthesearch
spaceduring the weak learnerestimation,giving priority
to hypotheseswhich both comply with the pairwisecon-
straintsandwith thedensityinformation. Sincethe weak
learner's taskbecomesharderin laterboostingrounds,the
boostingalgorithm slowly reducesthe weight of the un-
labeledpointsgiven to the weak learner. This is accom-
plishedin step4 of thealgorithm(seeFig. 1).

In productspacethereare ()��'�+-� unlabeledpoints,which
correspondto all thepossiblepairsof original points,and
the numberof weightsis therefore()�*',+ � . However, the
updaterules for the weight of eachunlabeledpoint are
identical,andsoall theunlabeledpointscansharethesame
weight. Hencethenumberof updateswe effectively do in
eachroundis proportionalto the numberof labeledpairs
only. The weight of the unlabeledpairs is guaranteedto
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decayat leastasfastastheweightof any labeledpair. This
immediatelyfollows from the updaterule in step4 of the
algorithm (Fig. 1), as eachunlabeledpair is treatedas a
labeledpairwith maximalmargin of 1.

We note in passingthat it is possibleto incorporateun-
labeleddatainto the boostingprocessitself, as hasbeen
suggestedin (d'Alche Buc et al., 2002;Grandvaletet al.,
2001). In this work the margin conceptwasextendedto
unlabeleddatapoints.Themargin for suchapoint is apos-
itive numberrelatedto the con�dencethe hypothesishas
in classifyingthis point. The algorithmthentries to min-
imize the total (both labeledand unlabeled)margin cost.
Theproblemwith this framework is thata hypothesiscan
beverycertainabouttheclassi�cationof unlabeledpoints,
andhencehave low margin costs,even whenit classi�es
thesepointsincorrectly. In thesemisupervisedclustering
context thetotalmargin costmaybedominatedby themar-
ginsof unconstrainedpoint pairs,andhenceminimizing it
doesn't necessarilyleadto hypothesesthatcomplywith the
constraints.Indeed,we have empirically testedsomevari-
antsof thesealgorithmsandfoundthatthey leadto inferior
performance.

2.2.Mixtur esof Gaussiansasweak hypotheses

Theweaklearnerin DistBoostis basedon theconstrained
EM algorithmpresentedby (Shentalet al., 2003).This al-



gorithmlearnsamixtureof Gaussiansovertheoriginaldata
space,usingunlabeleddataanda setof positive andneg-
ative constraints.Below we brie�y review thebasicalgo-
rithm, andthenshow how it canbemodi�ed to incorporate
weightson sampledatapoints. We alsodescribehow to
translatetheboostingweightsfrom productspacepointsto
originaldatapoints,andhow to extractaproductspacehy-
pothesisfrom thesoftpartitionfoundby theEM algorithm.

A Gaussianmixture model(GMM) is a parametricstatis-
tical modelwhich assumesthat thedataoriginatesfrom a
weightedsumof severalGaussiansources.More formally,
aGMM is givenby � ����� � �������

�

��


�

�

� ���	� 


�

� , where
�

� de-
notestheweightof eachGaussian,


� its respectiveparame-
ters,and � denotesthenumberof Gaussiansourcesin the
GMM. EM is a widely usedmethodfor estimatingthepa-
rametersetof themodel( � ) usingunlabeleddata(Demp-
steret al., 1977). In theconstrainedEM algorithmequiva-
lenceconstraintsareintroducedinto the 'E' (Expectation)
step,suchthat the expectationis taken only over assign-
mentswhich complywith thegivenconstraints(insteadof
summingover all possibleassignmentsof datapoints to
sources).

Assumewe are given a set of unlabeledi.i.d. sampled
points 3 �<� ���N���

�	��


, andasetof pairwiseconstraintsover
thesepoints � . Denotethe index pairsof positively con-
strainedpointsby � ���
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. The GMM
modelcontainsasetof discretehiddenvariables� , where
the Gaussiansourceof point �Q� is determinedby the hid-
denvariable �

� . The constrainedEM algorithmassumes
the following joint distribution of the observables 3 and
thehiddens� :

� � 3 ����� �
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The algorithm seeks to maximize the data likelihood,
which is themarginaldistributionof (2) with respectto � .

The equivalenceconstraintscreatecomplex dependencies
betweenthehiddenvariablesof differentdatapoints.How-
ever, thejoint distributioncanbeexpressedusingaMarkov
network, asseenin Fig. 1. In the'E' stepof thealgorithm
the probabilities� �

�

��� 3 ���
��� � arecomputedby applying
a standardinferencealgorithm to the network. Suchin-
ferenceis feasibleif thenumberof negative constraintsis

()�*',� , andthenetwork is sparselyconnected.Themodel
parametersarethenupdatedbasedon thecomputedproba-
bilities. Theupdateof theGaussianparameters� 


�

� canbe
donein closedform, usingrulessimilar to thestandardEM
updaterules. The updateof the clusterweights �

�

�

�!�

�

��


is morecomplicated,sincetheseparametersappearin the
normalizationconstantX in (2), andthesolutionis found

Figure1. A Markov network representationof the constrained
mixturesetting.Eachobservabledatanodehasa discretehidden
nodeasits ancestor. Positively constrainednodeshave thesame
hiddennodeastheir ancestor. Negative constraintsareexpressed
usingedgesbetweenthe hiddennodesof negatively constrained
points.Herepoints2,3,4areconstrainedto betogether, andpoint
1 is constrainedto befrom a differentclass.

with a gradientdescentprocedure.The algorithm�nds a
local maximumof the likelihood, but the partition found
is not guaranteedto satisfyany speci�c constraint.How-
ever, sincetheboostingprocedureincreasestheweightsof
pointswhichbelongto unsatis�edequivalenceconstraints,
it is mostlikely thatany constraintwill besatis�ed in one
or morepartitions.

Wehaveincorporatedweightsinto theconstrainedEM pro-
cedureaccordingto the following semantics:The algo-
rithm is presentedwith a virtual sampleof size '#" . A
training point �

� with weight $
� appears$

�
'%" times in

this sample.All the repeatedtokensof thesamepoint are
consideredto be positively constrained,andaretherefore
assignedto thesamesourcein every evaluationin the 'E'
step. In all of our experimentswe have set '

" to be the
actualsamplesize.

While theweaklearneracceptsadistributionovertheorigi-
nalspacepoints,theboostingprocessdescribedin 2.1gen-
eratesa distribution over thesampleproductspacein each
round.Theproductspacedistribution is convertedto adis-
tributionoverthesamplepointsby simplemarginalization.
Speci�cally, denoteby $

�

�


 the weight of pair �U8 �'& � ; the
weight $)(

�

of point i is de�ned to be

$

(

�

�

�




$

�

�
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In eachround, the mixture model computedby the con-
strainedEM is usedto build a binary function over the
productspaceanda con�dencemeasure.We �rst derive
a partition of the data from the Maximum A Posteriori
(MAP) assignmentof points. A binary productspacehy-
pothesisis thende�ned by giving the value � to pairsof
pointsfrom thesameGaussiansource,and � � to pairsof
points from different sources.This valuedeterminesthe
signof thehypothesisoutput.This settingfurthersupports
a naturalcon�dencemeasure- theprobabilityof thepair's



MAP assignmentwhich is:
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arethe hiddenvariablesattachedto the two
points. The weak hypothesisoutput is the signedcon�-
dencemeasurein � � � � � ! , andso theweakhypothesiscan
beviewedasa weak“distancefunction”.

3. Learning in the product spaceusing
traditional classi�ers

We have tried to solve thedistancelearningproblemover
theproductspaceusingtwo moretraditionalmargin based
classi�ers. The�rst is a supportvectormachine,that tries
to �nd a linear separatorbetweenthe dataexamplesin a
high dimensionalfeaturespace. The secondis the Ad-
aBoostalgorithm,wheretheweakhypothesesaredecision
treeslearntusingtheC4.5algorithm.Both algorithmshad
to beslightly adaptedto thetaskof productspacelearning,
andwe have empirically testedpossibleadaptationsusing
datasetsfrom theUCI repository. Speci�cally, we hadto
dealwith thefollowing technicalissues:

� Productspacerepresentation:A pair of original space
points must be convertedinto a single point, which
representsthispair in theproductspace.Thesimplest
representationis theconcatenationof the two points.
Another intuitive representationis the concatenation
of the sumanddifferencevectorsof the two points.
Our empirical testsindicatedthat while SVM works
betterwith the �rst representation,theC4.5boosting
achievesits bestperformancewith the 'sumanddif-
ference'representation.

� Enforcingsymmetry: If we want to learna symmet-
ric distancefunctionsatisfying

�

�����
���C�

�

��� � � � , we
have to explicitly enforcethis property. With the �rst
representationthis can be donesimply by doubling
the numberof training points, introducingeachcon-
strainedpair twice: asthepoint � ��� � ! andasthepoint

� � �
��! . In this setting the SVM algorithm �nds the
global optimum of a symmetricLagrangianand the
solutionis guaranteedto besymmetric.With thesec-
ondrepresentationwefoundthatmodifyingtherepre-
sentationto be symmetricallyinvariantgave the best
results.Speci�cally, werepresentapair of points ���
�

usingthevector � ��� � �
	/8�� ; ��� 
�� ��
 ������� � ��� ! , where
�Q
 �
��
 arethe�rst coordinatesof thepoints.

� We consideredtwo linear preprocessingtransforma-
tions of the original databeforecreatingthe product
spacepoints: the whitening transformation,and the
RCA transformation(Bar-Hilel et al., 2003) which
usespositive equivalenceconstraints.In generalwe

foundthatpre-processingwith RCA wasmostbene�-
cial for boththeSVM andC4.5boostingalgorithms.

� Parametertuning: for the SVM we usedthe polyno-
mial kernelof order4,andatrade-off constantof 1 be-
tweenerrorandmargin. Theboostingalgorithmwas
run for 25-150rounds(dependingon thedataset),and
thedecisiontreeswerebuilt with a stoppingcriterion
of trainerrorsmallerthan0.05in eachleaf.

Theclusteringperformanceobtainedusingthesetwo vari-
antsis comparedto DistBoostin section4. Thedesignis-
suesmentionedabove weredecidedbasedon the perfor-
manceover the UCI datasets,and the settingsremained
�x edfor therestof theexperiments.

4. Experimental Results

We comparedour DistBoostalgorithm with other tech-
niques for semi-supervisedclusteringusing equivalence
constraints. We usedboth distancelearning techniques,
includingour two simplervariantsfor learningin product
space(SVM andboostingdecisiontrees),andconstrained
clusteringtechniques.We begin by introducingour exper-
imentalsetupandtheevaluatedmethods.We thenpresent
theresultsof all thesemethodsonseveraldatasetsfrom the
UCI repository, a subsetof the MNIST letter recognition
dataset,andananimalimagedatabase.

4.1.Experimental setup

Gathering equivalence constraints: Following (Hertz
et al., 2003),we simulateda distributedlearningscenario,
wherelabelsareprovided by a numberof uncoordinated
independentteachers. Accordingly, we randomly chose
small subsetsof data points from the datasetand parti-
tioned eachof the subsetsinto equivalenceclasses.The
constraintsobtainedfrom all the subsetsaregatheredand
usedby thevariousalgorithms.

Thesizeof eachsubset
 in theseexperimentswaschosen
to be � � , where � is the numberof classesin the data.
In eachexperimentwe used � subsets,andthe amountof
partial informationwascontrolledby theconstraint index

�

��
���� ; this index measurestheamountof pointswhich
participatein at leastoneconstraint. In our experiments
we used

�

� � . ��� � . However, it is importantto notethat
the numberof equivalenceconstraintsthusprovided typi-
cally includesonly a small subsetof all possiblepairsof
datapoints,which is � ��',+-� .

EvaluatedMethods: wecomparedtheclusteringperfor-
manceof thefollowing techniques:

1. Ourproposedboostingalgorithm(DistBoost).



2. Mahalanobisdistancelearningwith RelevantCompo-
nentAnalysis(RCA) (Bar-Hilel et al., 2003).

3. Mahalanobisdistancelearningwith non-linearopti-
mization(Xing) (Xing et al., 2002).

4. Margin baseddistancelearningusingSVM asaprod-
uct spacelearner(SVM) (describedin Section3).

5. Margin baseddistancelearningusing productspace
decisiontreesboosting(DTboost).

6. ConstrainedEM of a GaussianMixture Model (Con-
strainedEM) (Shentalet al., 2003).

7. ConstrainedCompleteLinkage (ConstrainedCom-
pleteLinkage)(Klein etal., 2002).

8. Constrained K-means (COP K-means) (Wagstaff
et al., 2001).

Methods1-5 computea distancefunction, and they are
evaluatedby applyinga standardagglomerative clustering
algorithm(Ward)to thedistancegraphthey induce.Meth-
ods 6-8 incorporateequivalenceconstraintsdirectly into
theclusteringprocess.

All methodswereevaluatedby clusteringthedataandmea-
suringthe �

�

�

scorede�ned as

�

�

�

�

�

�

���

� �

� (4)

where
�

denotesprecisionand � denotesrecall. For
thedistancelearningtechniqueswe alsoshow cumulative
neighborpurity curves. Cumulativeneighborpurity mea-
suresthe percentageof correctneighborsup to the � -th
neighbor, averagedover all thedatapoints.In eachexper-
iment we averagedthe resultsover 50 or more different
equivalenceconstraintrealizations.BothDistBoostandthe
decisiontreeboostingalgorithmswererun for a constant
numberof boostingiterations@ � � ��� � � � (dependingon
the dataset). In eachrealizationall the algorithmswere
giventheexactsameequivalenceconstraints.

Dimensionality reduction: the constrained LDA algo-
rithm Someof thedatasetsresidein a high dimensional
space,which mustbe reducedin orderto performparam-
eterestimationfrom training data. We usedtwo methods
for dimensionalityreduction: standardPrincipal Compo-
nentsAnalysis(PCA), anda constrainedLinearDiscrimi-
nantAnalysis(LDA) algorithmwhich is basedon equiva-
lenceconstraints.

ClassicalLDA (alsocalledFDA, (Fukunaga,1990))com-
putesprojectiondirectionsthat minimize the within-class
scatterandmaximizethebetween-classscatter. More for-
mally, given a labeled dataset � �
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scattermatrix ( � is thedata's empiricalmean)and 
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� 	 denotesthewithin-
classscattermatrix ( �


 is theempiricalmeanof the & -th
class).

Sincein oursemi-supervisedlearningscenariowehaveac-
cessto equivalenceconstraintsinsteadof labels,we can
write down a constrainedLDA algorithm. Thuswe esti-
matethewithin classscattermatrix usingpositive equiva-
lenceconstraintsinsteadof labels.Speci�cally, givena set
of positive equivalenceconstraints,we usetransitive clo-
sureover this setto obtainsmallsubsetsof pointsthatare
known to belongto thesameclass.Denotethesesubsetsby
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wherehere�


 denotesthemeanof subset�


 .

4.2.Resultson UCI datasets

We selectedseveraldatasetsfrom theUCI datarepository
andusedtheexperimentalsetupabove to evaluatethevar-
ious methods.Fig. 2 shows clustering �

�

�

scoreplots for
severaldatasetsusingWard's agglomerativeclusteringal-
gorithm. Clearly DistBoostachievessigni�cant improve-
mentsoverMahalanobisbaseddistancemeasuresandother
productspacelearningmethods.ComparingDistBoostto
methodswhich incorporateconstraintsdirectly, clearlythe
only truecompetitorof DistBoostis its own weaklearner,
the constrainedEM algorithm. Still, in the vastmajority
of casesDistBoostgivesanadditionalsigni�cant improve-
mentover theEM.

4.3.Resultson the MNIST letter recognitiondataset

We comparedall clusteringmethodson a subsetof the
MNIST letterrecognitiondataset(LeCunet al., 1998).We
randomlyselected� � � training samples( � � from eachof
the � � classes). The original data dimensionwas � � ! ,
which wasprojectedby standardPCA to the �rst � � prin-
cipal dimensions.We thenfurtherprojectedthedatausing
theconstrainedLDA algorithmto ! � dimensions.Cluster-
ing andneighborpurity plotsarepresentedon theleft side
of Fig 3. The clusteringperformanceof theDistBoostal-
gorithmis signi�cantly betterthantheothermethods.The
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Figure2. Clustering �

�

�

scoreover 4 datasetsfrom the UCI repositoryusingWard's clusteringalgorithm. Methodsshown are: (a)
Euclidean,(b) RCA, (c) constrainedEM, (d) SVM, (e) DTboost,(f) DistBoost,(g) Xing, (h) ConstrainedCompleteLinkage,(i) Con-
strainedK-means.Theresultswereaveragedover 100realizationsof constraints,and1-stderrorbarsareshown. Theconstraint index

�

was ��� � in all cases.

cumulative purity curvessuggestthat this successmay be
relatedto theslowerdecayof theneighborpurity scoresfor
DistBoost.

4.4.Resultson an Animal imagedataset

We createdan imagedatabasewhich containedimagesof
animalstaken from a commercialimageCD, andtried to
clusterthembasedoncolor features.Theclusteringtaskin
this caseis muchharderthanin thepreviousapplications.
Thedatabasecontained10classeswith totalof 565images.
Fig. 3 showsa few examplesof imagesfrom thedatabase.

The original imageswere heavily compressedjpg im-
ages.TheimageswererepresentedusingColorCoherence
Vectors(Passet al., 1996) (CCV's). This representation
extendsthe color histogramrepresentation,by capturing
somecrudespatialpropertiesof thecolordistributionin an
image.Speci�cally, in a CCV vectoreachhistogrambin is
divided into two bins, representingthenumberof 'Coher-
ent' and 'Non-Coherent'pixels from eachcolor. 'Coher-
ent' pixels arepixels whoseneighborhoodcontainsmore
than � neighborswhich have the samecolor. We repre-
sentedthe imagesin HSV color space,quantizedthe im-
agesto � � ��� �R�	� � �
� � ��� � color bins, andcomputed
theCCV of eachimage- a � ! � dimensionalvector- using

� � � � .3

In order to reducethe dimensionof our data,we �rst re-
movedall zerodimensionsandthenusedthe�rst � � � PCA
dimensions,followed by ConstrainedLDA to further re-
ducethe dimensionof the datato

�

� ! � . The cluster-
ing resultsand neighborpurity graphsare presentedon
the right sideof Fig 3.4 The dif�culty of the taskis well
re�ected in the low clusteringscoresof all the methods.

3The standarddistancemeasureusedon CCV featuresis a
Chi-squareddistance(alsocommonlyusedto measuredistance
betweenhistograms).We alsotried to clusterthedatausingthe
Chi-squareddistances,andthe �

�

�

scoreobtainedwas �
� ��� .
4On this datasetthe COPk-meansalgorithmonly converged

on ����� of its runs.

However, DistBoost still outperformsits competitors,asit
did in all previousexamples.

5. Discussion

In this paper, we have describedDistBoost- a novel al-
gorithmwhich learnsdistancefunctionsthatenhanceclus-
teringperformanceusingsparsesideinformation.Our ex-
tensive comparisonsshowedthe advantageof our method
over many competingmethodsfor learningdistancefunc-
tionsandfor clusteringusingequivalenceconstraints.An-
otherapplicationwhichwehavenotexploredhere,is near-
estneighborclassi�cation. Nearestneighborclassi�cation
also critically dependson the distancefunction between
datapoints;ourhopeis thatdistancefunctionslearnedfrom
equivalenceconstraintscan also be used for improving
nearestneighborclassi�cation.
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