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Abstract

Motivated by the interest in relational re-
inforcemert learning, we introduce a novel
relational Bellman update operator called
ReBel . It employs a constraint logic pro-
gramming language to compactly represer
Markov decisionprocessesver relational do-
mains. Using ReBel , a novel value iteration
algorithm is deweloped in which abstraction
(over states and actions) plays a major role.
This framework providesnew insights into re-
lational reinforcemert learning. Convergence
results as well as experimerts are preserted.

1. Intro duction

There has beena lot of attention and progressin re-
inforcement learning (RL) and Markov decision pro-
cessegMDPs) recertly. Seeral basicalgorithms have
beenproposedand their behavior is relatively well un-
derstood today (Sutton & Barto, 1998). This hasled
to an increasedinterest into the e®ectsof generaliza-
tion and to new challenges. One of them concernsthe
useof RL in relational domains (D zeroskiet al., 2001).
Eventhough a number of relational RL algorithms has
beendeweloped| essetially through varying the un-
derlying function approximators (Driessens& Ramon,
2003;GArtner et al., 2003)| the problem of relational
RL is still not well understood and a theory of rela-
tional RL is lacking.

App earing in Proceedings of the 21%' International Confer-
ence on Machine Learning, Ban®, Canada, 2004. Copyright
by the authors.

In traditional RL, the Bellman badup operator is one
of the certral concepts. A particularly interesting ap-
proach is that of Dietterich and Flann (1997), who
shaved that value badckups in model-based RL can
be upgraded to region-basedbadups, where multiple

states are updated simultaneously using a badkup op-
erator that reversesthe action operators.

Inspired by this work, the key cortribution of this pa-
per is the introduction of a relational Bellman badkup
operator, called ReBel . ReBel is dewveloped within

a simple probabilistic STRIPS-like relational formal-
ism that incorporates seweral elemerns of relational
and logical Markov Decision Programming (Kersting

& De Raedt, 2003;Van Otterlo, 2004)suc asabstract
states that are represenied using relational queries.
Using ReBel , we then dewelop a model-basedrela-
tional RL algorithm and demonstrate it on a num-
ber of experiments. The approad is also related to
that by Boutilier et al. (2001) who employ a situation

calculus basedlanguage. Although their work is cer-
tainly elegan and principled, due to the complexity of
the language, they neither report on a complete im-
plemertation nor presert automated experimerts. In
cortrast, our approad is simpler and therefore fully

automated. It dealsfully automatically with the same
experimertal examplethat Boutilier et al. report on.

Outline: Section?2 brie®y reviewsrelational logic and
MDPs. After discussingvalueiteration (VI) for MDPs
in Section 3, we introduce a languageto compactly
specify MDPs over relational domainsin Section4. In
Section 5, we dewelop a relational VI algorithm based
on ReBel . It is empirically validated in Section 6.
Before concluding we discussrelated work.

1Both authors contributed equally to the paper.



2. Preliminaries

Relational Logic, cf. (Nienhuys-Cheng & de Wolf,
1997): An alphalet § is a set of relation symbols p
with arity m , 0, and a set of constarts c. An atom
p(ty1;:::ty isarelation symbol p followed by a brack-
eted m-tuple of terms t;. A term is a variable X or a
constart c. A conjunction A is a setof atoms. The set
of variablesin a conjunction A is denoted as vars(A).
A substitution p is a set of assignmems of terms to
variablesf X;=t 1;::: X,=t ,g where X are variables and
all t; areterms. A term, atom or conjunction is called
ground if it contains no variables. Conjunctions are
implicitly assumedto be existentially quantied. A
conjunction A is said to be p-subsumedby a conjunc-
tion B, denotedby A * , B, if there exists a substi-
tution psuch that Bup A. The most geneal uni er
(mgu) for atoms a and b is denoted by mgu(a; b). A
(Horn) clauseH A B consistsof a positive atom H
and a conjunction B and canbereadasH is true if B
is true. The greatestlower bound (glb) of two conjunc-
tions A and B is the most generalconjunction that is
subsumedby both A and B. Both subsumption and
glb are also de ned for clauses.The Herbrand base of
§, HB3, is the set of all ground atoms which can be
constructed with the predicate symbols and constarts
of §. An interpretation is a subsetof HBS .

Our running example will be blocks world. Here, a
block X can be moved on top of another block Y, de-
noted as movéX Y). Valid relations are on(XY), i.e.
block Xis onY, and cl (2), i.e. block Z is clear. To
model the °oor, we follow a commonapproad. It is a
set of blocks which cannot be on top of other blocks.

Mark ov Decision Pro cesses cf. (Sutton & Barto,
1998): A Markov Decision Process (MDP) is a tuple
M = IS;A; T;Ri, where S is a set of states, A a set
of actions, T : SE AE£ S! [0;1] a transition model
andR:S£ A£ S! [0;1] areward model. The set
of actions applicable in a state s 2 S is denoted A(S).
A transition from state i 2 S to j 2 S causedby
someaction a 2 A(i) occurswith probability T(i; a;j)
and a reward R(i; a;j) is received. T de nes a proper
probability distriblgtion if for all statesi 2 S and all
actionsa2 A(i):  ,sT(i;a;j) = 1. A deterministic
policy %: S! A for M speci eswhich actiona 2 A(s)
will be executedwhenthe agert isin somestates 2 S,
i.e. ¥{s) = a.

3. Value lIteration

GivensomeMDP M = KS;A; T;Ri, a policy Yafor M,
and a disoount factor ° 2 [0; 1], the state value func-
tion V¥ : S ! R represets the value of being in a

state following policy ¥ w.r.t. expected rewards. A
similar state-action valuefunction Q*: SEA ! R can
be dened. A policy ¥# is optimal if V¥ (s) , V*(s)
8s 2 S and 8%4. Optimal value functions are de-
noted V* and Q. Bellman's (1957) optimality equa-
tion states:

V*(s) = max T(s;a;89[R(s;a;s) + °V7(sY] (1)

s0

From this equation, basically all methods for solving
MDPs can be derived. For example, the well-known
exact solution technique value iteration (VI) is ob-
tained from (1) by turning it into an update rule:
Vs () = max T(sia;s)R(sias) + “Wi(sY] (2)
50

= max Qs (s;4): ()

Basedon Equation (2), the VI algorithm can be stated
as follows: starting with a value function V, over all
states, we iterativ ely update the value of ead state
accordingto (2) to get the next value functions V; (t =
1;2;3;:::). VI is guaranteed to corvergein the limit
towards V?, i.e. the Bellman optimality equation (1)
holds for ead state.

Traditional VI as expressedby Equation (2) assumes
that all statesand valuesare represerted explicitly in a

table. This is impractical for all but the smalleststate

spaces. Furthermore, for relational domains, where
the number of states can grow very large (even in-

“nitely large) this is infeasible. Therefore, methods
that make abstract from speci ¢ states are needed.
Sud a method is deweloped in the next sections.

4. Mark ov Decision Programs

Traditional MDPs are essetially propositional in that
ead state canbe represerted using a separateproposi-
tion. In Markov decision programs these propositional
symbols are replacedby abstract states:

De nition 1 An abstract state is a conjunction Z of
logical atoms, i.e., a logical query.

Abstract statesrepresen setsof states. More formally,
a state is an interpretation, i.e. a setof grounds facts.
Considere.g. the state z = cl (a); cl (b); on(a; ¢) in the
blocks world. An abstract state Z is, e.g., cl (X). It
represens all statesthat are subsumedby Z, i.e., all
interpretations in which there exists somethingthat is
clear.

We can now intro ducethe basicingredients of Markov
decision programs, namely, abstract actions, ab-
stract rewards, and integrit y constrain ts.



An abstract action is de ned as follows.

Denition 2 An action? is a nite setof action rules

H; A,D" ﬁ B wher A is an atom representingthe name
and the argumentsof the action and B is an abstract
state denoting the preconditions of H; is the i-th
possibleoutcome of A. It holdsthat = | p = 1.

Weassumethat vars(A) = (vars(H;) [ vars(B)). The
semariics of the action de nition are: If the current
state b is subsume by B, i.e., b B, then taking
action A will resultin [onBu] [ H;jp with probability
pi. So,if the preconditions are full'lled, all outcomes
are possible. As an illustration, consider

on(X v);cl (X);cl (2); p:omovdxxz I (X);cl (Y); 0n(X 2);
X6 Y:'Y6 ZX6 Z T X6 Y:Y6 Z X6 Z

cl (X;cl (Y);on(X 2); p:zmovexva  cl (X;cl (Y);0n(X 2);
X6 Y,Y6 £, X6 Z P X6 Y;Y6 Z,X6 Z
which movesblock X on Y with probability 0:9. With
probability 0:1 the action fails, i.e., we do not change
the state. Applied to the above state z the ac-
tion tells us that movéa;b;c) will result in z° ~
on(a; b);cl (a);cl (c) with probability 0:9 and with
probability 0:1 we stay in z. This type of action de -
nition implements a kind of probabilistic STRIPS op-
erator.

The model R of abstract rewards speci es the re-
wards generated by entering abstract states. In our
framework it coincideswith our initial abstract state
value function V.

Denition 3 An abstract state value function V is a
“nite list of value rules of the form c A B were B is
an abstract state and c 2 R.

To any abstract state Z, V assignsthe maximal value
c of all matching value rulesc A B to Z asvalue. A
rule matchesif Z* , B. Considere.g. R = Vg as

10.0A on(a;b): and O0:0A true :

It assignsO to z but 10 to z% Using true in the
last value rule assuresthat all state are assigneda

value. To dewelop ReBel , wewill alsoemploy abstract
action-state value functions, which are similar to ab-
stract state value functions and of which an example
can be found in Section5.2.

Denition 4 An abstract state action value function
Q is a nite setof Q-rules of theform c: A A B were
B is an abstract state, A is an action and c2 R.

2For the sake of simplicit y, we consider cost-free actions.
The framework can be adapted to the caseof action costs.
Note also that the meaning of abstract action here di®ers
from that sometimes used in the context of hierarchical
RL.

To any abstract state-action\pair" B and A, Q assigns
the maximal value c of all abstract state action rules
subsumedby A A B.

Rewards are speci ed over gueries, i.e., existertially
guanti ed goals. Although theseare simple, they are
expressie enough to specify many interesting prob-
lems studied by the (relational) RL community suc
as shortest-mth problems Here, the goal is to reac
certain (abstract) states. When a goal state is entered,
the processends. In RL, episdic tasksare encaded us-

ing absorbingstates We encae it by arti cial deter-

. . ~1:0:absorbi
ministic actions such as on(a; b) Aj 16} fc}ri'?g{ on(a; b);

which denotesthat all states that are subsumed by
on(a; b) transition only to themselwes and generate
only zero rewards. For example, z is not absorbing
but z%is.

Finally, we need a way to cope with the integrit y
constrain ts imposedby our domain. For instance, in
the movede nition above we employed symmetry of
6. This can be modeled by a set C of integrity con-
straints. Each integrity constraint is a Horn clause.
For instance in the blocks world, no block can be free
if there is a block on top of it and no block can be on
itself: false A on(XY);cl (Y) and X6 YA on(XY).
The completion of an abstract state Z is the least x-

point of C[ fZg, i.e., all facts deduciblefrom C[ fZg.
For example, on(a; b) does not encade that a is not
b. Using the rules above, this state is completed to
on(a;b);a6 b. Furthermore, if the completion in-
cludesfalse , the state doesnot satisfy the constraints,
i.e., it is an illegal state. To deal with integrity con-
straints, we also have to adapt our notations of action
de nitions and generality. Action de nitions are now
constrained so that they cannot lead to illegal states.
For subsumption we employ the integrity constraints
as a badkground theory and use Buntine's genealized
subsumption framework (Buntine, 1988).

Along the lines of (Kersting & De Raedt, 2003; Van
Otterlo, 2004), it can be proven that any Markov de-
cision program inducesa (possibly in nite) MDP.

ReBel

We will now dewelop a value iteration algorithm for
Markov decisionprograms,i.e., given an abstract re-
ward model R, i.e., initial abstract state value function
Vo, compute the next abstract state value functions
Vi, t=1,2;:::

5. Relational Value lteration:

The main idea is to upgrade Bellman's traditional
badkup operator in Equation (2). Therefore, we it-
erate over:

1): Regressall precedingabstract states from V.



2): Compute Qi+ over the regressedstates.
3): Compute V41 by maximizing over Qi+ .
We will now discussead stepin turn.

5.1. Regression

Let V; be the current abstract state value function,
s&y Vp, and consider the abstract action move For
a single Bellman badkup, all abstract states S which
lead to a condition in Vy whentaking action movehave
to be computed. Thus, we have to reasonfrom post-
to preconditions. For example, the _rstl outcome of
movéa; b; c) car&lead from state S © ¢l (a);cl (b);
on(a; c);on(b;d) (inequality constraints omitted) to
the abstract state S°~ on(a;b). Thus, we have to
compute the weakest preconditions for the outcomes
of moveand S.

Deniton 5 All abstract stateswhich lead to S°when
following some action rule H; A,D'i 'i? B constitute the
so called weakest precondition wp; (A; S of the i-th
outcome of A.

For example, S lies in the weakest precondition of S°,
i.e., S 2 wp,(movéX Y:2);SY but it does not lie in
wp,(movéX, Y; 2); S

To compute wp, (movéX; Y; 2); S% we can assumethat
we \moved" from S to S® Thus, 1) the preconditions
of the action (rule) are fullTled in S, and 2) S%is
partially causedby the rst outcome of the action. As
an illustration of 2), consideron(a; b) :

move caused on(a;b): We have been in abstracf

state S; 7 ‘el (a);cl (b);on(a;2);a6 b;a6 Zb6 Z
andmoved X = aonY = h.

move  did not cause on(a;b): We
moved X on Y but not a on b There-

fore, we have been in abstract states T

cl (X;cl (Y);on(X 2);on(a;b); X6 Y;X6 Z Y6 Z
satisfying that we did not move a on b, ie,,
on(XY) 6 on(a;b), and that we did not move a
from b away, i.e., on(X 2 6 on(a;b). The con-
straints guarantee that applying movéX Y;2) in T
presenes on(a;b) The del_nition of S simglies to
|SZ © TAX6 as S ’ T"X@ia"ze b, S4 ¢
TAY6 b” X6 a, and Ss TAY6 b"NZ6 b .
All 'S; are completed to the same state namely
Sg ~ cl (A);cl (B);on(a; b); on(A © whereall variables
and constarts are mutually di®eren.

The abstract states S;;Se together logically de ne
wp, (movéX Y;2);S% "~ 'S;_ Se

So far, we considered a single e®ect only, namely
on(a; b). In general, howewer, there can be multiple

1: initialize wp,; to be the empty list
2: for each subset S®of S° and subset P of H; such
that p= mgu(S®P) exists
or S®¥== ;AP == H;,ie,u=; do
S:= (S%unPw][ Bu
for all pairs (I;1%) in
f(;19 12 (S%UnPwA 1°2 Hiu[ Bpg do
if mgu(l;1% exists then
add16 1°to S
add all simplications of S to wp;

8: return  wp;

hw

Noo

Pro cedure 1: WeakestPre returns the weakest pre-
condition of action rule H; A'{} B and abstract state S°
given a set of integrity constraints C. We omitted that only
legal and completed abstract states are inserted in wp; .

(combined) e®ectsthat are or that are not causedby
taking action move cf. WeakestPre in Prgcedurel.
Considerfor exampleS ~ on(a; b); on(c;d) . Moving
a block on some other block can have causedeither
on(a; b) or on(c;d), or neither of them, cf. line 2. As-
sumethat no e®ectwascaused. Then, S%is empty and
P =Hgy,cf. Iir}e 2. Therefore, pis the empty substitug,
tion and S~ on(a; b); on(c; d); cl (X);cl (Y); on(X 2

(inequality constraints omitted) is a possible preim-
age, cf. line 3. Howewver, we know that
move did not cause on(a;b);on(c;d). Therefore,
it holds on(X 2) 6 on(a;b) » on(X 2 6 on(c;d) »
on(XY) 6 on(a;b) » on(XY) 6 on(c;d), cf. lines 4{
6. S can be simplied for instanceto S; X6 a;X6 c
which is a legal abstract state. The casethat the ac-
tion causedsomee®ectss coveredby the \mgu (S P)
exists' conditition in line 2. It is treated analogously

5.2. Computing Abstract State Action Values

Given the regressedabstract states and the current
abstract state value function V;, we now compute an
abstract state-action value function Q+; accordingto
Procedure 2. To do so, (A) we treat each outcome
of an action A asthough it would be a single action
and compute its abstract state action value, cf. line
4. Then, (B) we combine the values of all outcomes
to an abstract state action value for A, cf. lines 8{12.
For the sake of brevity, we will not state constraints in
the examplestill the end of Section 5:3.

For step (A) , consideragainthe rst outcomeof move
The weakest precondition waswp, (movéX; Y; 2); S9 ~

S1_Se. BecauseSg; is absorbing, we assignan abstract
state action value of 10 for taking action move i.e.,
10: movégX Y;2) A Sg . The value of S;, however, is
dependert on V;(S9), i.e. in our exampleVy. Assuming
a discourt factor of 0:9 this yields R(S) + p; ¢0:9 ¢
Vo(S9 = 0+0:990:9¢10= 81, i.e.,8:1: movea;b;2) A




1: initialize Qrules to the empty set.
2: for each action rule H; K’i' |/? B for A do
3: for each vA Vin V; do
4: partietIQ =fa:AA SjS2wp(A;V)g
- R (S) : S is absorbing
T=  R(S)+ pi ¢° ¢V(V) : otherwise
5 if Qrules 6 ; then
6: Qrules := partialQ
7: else
8 newQ = ;
9 for all pairs ¢°: A°A S°2 Qrules and
q®: A®A S%2 partialQ do

10: if G:= glb(AA S%A®A S% exists then
11: add q: G to newQ with q= ¢°+ g%
12: Qrules := newQ

13: return Qrules

1: initialize Vi+1 to the empty set of V-rules.
2: sort Qrules in decreasingorder of Q-values
3: while Qrules not empty do
4:  removetop elemert d: A A B of Qrules
5: if no other rule d : A°A B%in Qrules exists suc
that B subsumesB then
adddA B to Vs
remove all rules d°A B%from Qrules
such that B®is subsumedby B

8: return  Vis

Pro cedure 2: QRules returns the Q-rules of an action
A given the reward model R, the current value function V;
and a discount factor °. Note that A denotesthe action
head where we keep the substitution made by wp;,. We
also omitted that only legal and completed abstract states
g are inserted in Qrules.

S: . Doing the samefor all other rulesin V; resultsin:

cl (X); cl (Y); on(a; b); on(X 2)
cl (a);cl (b);on(a; 2
cl (X;cl (Y);on(X 2

For the secondoutcome of move step (A) leadsto:

hai  10: movégX Y;2)
b 8:1: movda;b; 2)
hei  0:0: movégX Y; 2)

>

hdi  1:0: movéa; X b)
hei  1:0: movéXY;2)
HFi 0:0: movéX;2)

cl (a); cl (X;on(a; b)
cl (X;cl (V);on(a; b); on(X 2)
cl (X;cl (V);on(X 2

For step (B) , we note that ead of theserules describes
situations such asif we are in a state then we can get
somevalue for achievingthe i-th outcome of action A.
This information hasto be combined to an abstract
state action valuesfor A. To do so, we selecta rule
from hai j hci, say hoi, and a rule from hdi j Wi, say
H i, and chedk whether we can be in both abstract
states at the sametime and whether we can apply the
sameaction. In other words, we compute the greatest
lower bound (glb) of the logical clausesunderlying both
valuerules. If the glb (wherethe actions have to unify)
existsand it is alegal state, then it is inserted asa hew
rule, cf. line 11. The value of the new rule is the sum
of values of the combined rules. For hbi and H i this
yields

>y

81: movéa;b;X) A cl(a);cl(b);on(a;X:

In cortrast, i and hdi do not give a new rule.

In our blocks world example, QRules vyields the fol-
lowing abstract state action value function when ap-
plied on V[, and moveand absorbing :

Pro cedure 3: VRules returns the value functions Vi1
given the Q-rules computed from V; for all actions.

hli 10: absorbing

i 10: movéX Y; 2)
h3i  8:1: movéa; b; X) cl (a); cl (b); on(a; X
i 0:0: movéX Y;2) cl (X;cl (Y);on(X 2

Note that we have sorted the Q-rules in descending
order only for the sake of readability.

on(a; b)
cl (X; cl (Y);on(a; b); on(X 2)

I > > >

5.3. Computing Abstract State Values

The set of Q-rules enablesone to compute the next
abstract state value function V;+; . In cortrast to the
traditional case,Q-rules, i.e., values of abstract state
action pairs, can overlap such as Q-rules hli and h2i.
To compute abstract state values we make use of the
fact that Vi1 (S) = maxa Qi+1 (S; A) dueto Eq. (3).

In general,any value-preservingtransformation canbe
applied. In this paper, we use a simple separate-and-
conquerrule learning approach wherethe rulesto learn
and the examplesto learn from coincide, seeVR ules

in Procedure 3. We seart for a Q-rule m having a
maximal Q-value among Qrules, lines 3{4, separate
the covered Q-rules, line 5, and recursively conquer
the remaining Q-rules by selectingmore rules until no
Q-rules remain, line 6. The main di®erenceis that we
selectm and add it to V;+1 only if there is no other
Q-rule left in Qrules with the samevalue whosebody
subsumesthe body of m, cf. line 8. In our running
example, we start with rule hli. Becauseit is not
subsumedby any other rule having the samevalue, we
add 10A on(a;b) to V; and, becauseit subsumes?i,
we remove 2 from Qrules. The remaining highest
valued rule is h3i, and we iterate. After completing,
this yields the newvalue function V; (constraints listed
again):

10 A on(a;b);a6 b:
81 A cl(a);cl(b);on(a;X);a6 b;aé Xb6 X
0 A c(X;cl(Y;on(X2);X6 Y;X6 ZY6 Z

5.4. Relational Bellman Backup Op erator

To summarize, the general scheme of ReBel is:
1) Compute the weakest precondition of ead action
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Figure 1. Blo cks World Exp erimen t I: Abstract state
value function for the cl (a) goal after 10 iterations. It
applies for any number of blocks. Values are rounded to
the seconddigit. F; can be a block or a °oor block. States
structurally di®erert from the depicted onesget value 0:0 .

outcomefor ead abstract state in V; using Weakest-
Pre . As donein QRules , 2a) assignto ead abstract
state { action outcome pair computed in 1) a Q-value
and 2b) combine them basedusing the glb. 3) Maxi-
mize the Q-rules to compute Vi1 using VR ules .

Note that in 2b), if there aren > 1 many outcomesof
an action, then the Q-valuesof the n-th outcome are
combined with already combined Q-valuesofthe nj 1
previous outcomes. Thus, there arenj 1 many combi-
nations per action. This might producesmany rules.
To overcomethis, one can adapt VR ules maximizing
Q-rules to compressQ-rules: if we are in a state with
di®erert currently combined valuesfor compatible ac-
tions, then we selectonly the higher one. This is safe
becausethe higher valued Q-rule subsumesthe lower
valued one. Therefore, it would have beenselectedin
any caselater on.

Formally, this Bellman badup requires an in nite
number of iterations to convergeto V?°, cf. Section 6.
In practice, we stop when the abstract value function
changesby only a small amourt.

6. Exp eriments

In this sectionwe empirically validate ReBel . Weim-
plemerted ReBel with compressingQrulesin the Pro-
log systemYAP version4.4.4. and we usedthe supple-
merted constraint handling rules library (Frdhwirth,
1998). In all experiments we assumea discourt factor
of 0:9 and a goal reward of 10, i.e., in all other states
we receive 0 reward. Only goal states are absorbing.
Experiments were run on a 3:1 GHz Linux madine.
The running times were estimated using YAP's build-
in statistics  (runtime ;. We focusedon standard

5:31
4:78
4:31
3:87
3:49

Figure 2. Blo cks World Exp erimen t |I: Parts of the ab-
stract value function for on(a; b) after 10 iterations (values
rounded to the seconddigit). It applies for any number of
blocks. We omitted the inequality constraints: All blocks
are mutually di®erert. F; can be a block or a °oor block.
State more than 10 stepsaway from the goal get value 0:0.

examplesknown from the relational RL literature.

Blo cks World Exp erimen t I: We considercl (a) as
goal in our probabilistic blocks world setting. The ex-
periment shows that even on simple problems ReBel
is not guaranteed to corvergeon the structural level.

Figure 1 shows the abstract state value function after

10 iterations. It took ReBel roughly 1 minute to it-

erate ten times. Figure 1 highlights that states that

are one step further away from the goal get the same
value. The value, howewer, is lower becauseof the ad-
ditional block on top of the stack of a. Thus, because
the number of blocks is not restricted, value iteration

will never stop.

Prop osition: Abstraction doesnot guarantee cornver-
gencein in nite domains becausean in nite number
of abstract states can be required.

This is interesting, becausein nite state spaceseas-
ily arise when relational represenations are usedand
relational abstraction washopedto bea solution. Nev-
ertheless,relational value iteration can corverge even
for in"nite domainsasour third experiment will show.

Blo cks World Exp erimen t |1: We considerthe goal
on(a; b) in a deterministic blocks world becauseit is

reported to be a hard problem for model-freerelational

RL (RRL) approaces(Dzeroskiet al., 2001;Driessens
& Ramon, 2003). For instance, Driessensand Ramon
(2003) report that on averagethe learned policies did

not reach optimal performanceeven for 5 blocks.

Using the same experimental set-up as in our rst
experiment but a deterministic moveaction, ReBel



Vi
abstract states 1 2 [ 3 [ 4 5 [ 6 7 8 9 [ 10
bin (b; p): 10 :000 10:000 10:000 10:000 10:000 10:000 10:000 10:000 10:000 10:000
tin (A p); on(b; A); not _rain : 8:100 8:829 8:895 8:901 8:901 8:901 8:901 8:901 8:901 8:901
tin (A p); on(b; A); rain : 6:300 8:001 8:460 8:584 8:618 8:627 8:629 8:630 8:630 8:630
tin (A B); on(b; A); not _rain : 7:290 7:946 8:005 8:010 8:011 8:011 8:011 8:011 8:011
tin (A B); on(b; A); rain : 5:670 7:201 7:614 7:726 7:756 7:764 7:766 7:767 7:767
tin (A B); bin (b; B); not _rain : 5:905 6:968 7:111 7:128 7:130 7:131 7:131 7:131
tin (A B); bin (b; B); rain : 3:572 5:501 6:282 6:563 6:658 6:689 6:699 6:702
tin (A B); bin (b; O; not _rain : 5:314 6:271 6:400 6:416 6:417 6:418 6:418
tin (A B); bin (b; Q; rain : 3:215 4:951 5:654 5:907 5:993 6:020 6:029
tin (A B): 0:000 0:000 0:000 0:000 0:000 0:000 0:000 0:000 0:000 0:000

Table 1. Load-Unload

Exp erimen t: The t-th column shows the abstract state value function after the t-th iteration.

When no value is given, the abstract state has value 0:0. Bold numbers highlight changed values.

computed Vyg in lessthan 12 minutes. The abstract
value function is partially shown in Figure 2. Because
the moveaction is deterministic, Vi is optimal for 10
blocks (more than 58 million ground states). The opti-

mal policy candirectly be extracted by computing the

maximizing Q-rules for ead abstract state. In our ex-
ample, this results in remaoving the top elemens from

the stacks on top of a and b. However, to compactly
represern this strategy, one needsto de ne the predi-

cate ontop. In the experiments Driessensand Ramon
(2003) reported on, this was always the case. The pol-

icy basedon Rebel is optimal no matter how many

blocks there are.

Load-Unload Exp erimen t: Our nal experimert
considersthe logistics domain which Boutilier et al.
(2001) solved semi-automatically. The domain con-
sists of cities, trucks and boxes. Boxes can be loaded
onto and unloaded from trucks, and trucks can be
driven betweencities. The predicate on(B; T) denotes
that a box Bis on the truck T, bin (B, Q denotesthat
a box Bis in somecity Cand tin (T; Q denotesthat a
truck Tisin city C The actionsthat canbe performed
are: load (B; T) and unload (B; T) specifying how a box
B can be loaded onto or loaded from a truck T and
drive (T; Q specifying that the truck T is driven to
city C The actions in this domain have probabilistic
e®ects. The probability of failing a load or unload
action, i.e., staying in the current state, depends on
whether it rains or not, denoted by rain . The action
speci cation is as follows (we omit the failing speci -
cations for the sake of brevity):

bin (B O;tin (T;O;R Aiiitiiii
on(B T;tin (T;0:R A iTiii

~1:0:drive (T; )

tin (T;C);C6 C Aiiiiiiii

on(B T);tin (T;Q;R
bin (B, O;tin (T,O;R
tin (T; O

where the probability pr is 0:9 if R is rain and 0:7
if R is not_rain . To correctly handle the explicit
negation we used for rain , we provided false A
rain ;not_rain asconstraint. The goalin this domain
is to get somebox b in p where p standsfor Paris, i.e.,
in bin (b; p) we get a reward of 10.

ReBel ran for lessthan 6 secondsto compute the re-
sults summarizedin Table 1. In cortrast to the blocks
world examples, the solution corvergesboth at the
value level and at the structural level. E.g., take the
situation in which a truck is in a city di®eren from
Paris and the box is there too. Then, it will take three
steps(load j drive j unload) to reac the goal state
and the state value in Vqg is 6:702in caseit rains. The
abstract state value function applies no matter how
many trucks, boxesand cities are presen.

7. Related Work

In the past few years,there hasbeenan increasedand
signi cant interest in using rich relational represerta-
tions for modeling and learning MDPs.

In model-free relational RL, one has studied dif-
ferent relational learners for function approximation
(Dzeroski et al., 2001; Lecoeuche, 2001; Driessensé&
Ramon, 2003; Gértner et al., 2003). Others have ap-
plied Q-learning basedon pre-speci ed abstract state
spaces:Kersting and De Raedt (2003) investigate pure
Q-learning, Van Otterlo (2004) learns the Q-function
via learning the underlying transition model. Fern
et al. (2003) extended previous work on upgrading
learned policies for small relational MDPS (RMDPSs)
with approximated policy iteration. Finally, Guestrin
et al. (2003) recertly reported on class-basedapprox-
imate value functions for RMDPs.

For model-basedapproades, there hasbeena surpris-
ing lack of researd on exact solution methods. From a
generalpoint of view, ReBel is closelyrelated to deci-

sion theoretic regression(DTR) (Boutilier et al., 1999)
and, becauseof that, it is also related to regression
planning in the sameway as DTR is. Within DTR,

most algorithms are designedto work with proposi-
tional represenations. Actually, the only exception
the authors know of is that of Boutilier et al. (2001).
ReBelL relatesto this in that it alsois a model-based
exact solution method for RMDPs. One key di®er-
enceis that Boutilier et al. employ situation calculus



for represening RMDPs. Situation calculus is very
expressie and as a consequencet is harder to sim-
plify the logical descriptionsof the abstract value func-
tions states that are obtained. This may also explain
why | to the best of the authors' knowledge| that
approac has not beenfully implemented and exper-
imented with. In cortrast, becauseof the use of a
simpler logical language, the simpli cation in ReBel
is computationally feasible. As shown in the experi-
mernts, ReBel successfullyand fully automatically im-
plemerts a relational value iteration.

Finally, the work by Dietterich and Flann (1997) is
also concernedwith generalizingBellman badkups but
no relational represenation is used.

8. Conclusions

The key cortribution of this paper is the introduc-

tion of ReBel , a relational upgrade of the Bellman

update operator. It hasbeenusedto implemert a re-

lational value iteration algorithm. It has beenshown

to be e®ectie in a number of simple though signi -

cant examples. This { in turn { hasled to a number

of novel insights into relational MDPs. First, it has
been shown that value-basedmethods for relational

MDPs may not corverge becausean in nite number

of abstract stateshasto represened. Second,we high-

lighted that in such caseshbackgound knowledge may

enablethe learning of optimal policies. So, depending

on the represettation of the problem, one can or can-

not learn the optimal policy. Therefore, using back-

ground knowledgein RMDPs is not only an interesting

feature, but in somecasesalso a necessiy for success-
ful learning. In this way, we have given an explanation

for and con rmed someof the experimental insights of

the early relational RL work (Dzeroskiet al., 2001).

Further work could address combining ReBel with
other typesof value-basedmethods, extending the rep-
reseration language, excient data structures, com-
plexity analysis, and employing other learning algo-
rithms to compressvalue functions.

The authors hope that the theoretical insights, aswell
asthe algorithm deweloped in this paper, will be help-
ful in advancing the "eld of relational RL as well as
cortribute to an improved understanding of the prob-
lemsinvolved.
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