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Abstract

The problem of inferring haplotypes from

genotypes of single nucleotide polymor-

phisms (SNPs) is essetial for the under-
standing of genetic variation within and
among populations, with important appli-

cations to the genetic analysis of disease
propensities and other complex traits. The

problem can be formulated as a mixture

model, where the mixture componerts cor-
respond to the pool of haplotypes in the
population. The size of this pool is un-
known; indeed, knowing the size of the pool

would correspond to knowing something sig-
nicant about the genome and its history.

Thus methods for tting the genotype mix-

ture must crucially addressthe problem of
estimating a mixture with an unknown num-

ber of mixture componerts. In this paper
we preser a Bayesianapproad to this prob-

lem based on a nonparametric prior known

as the Dirichlet process. The model also in-

corporatesa likelihood that captures statisti-

cal errorsin the haplotype/genotype relation-

ship. We apply our approac to the analy-
sisof both simulated and real genotype data,

and compareto extant methods.

1. Intro duction

The availability of a nearly complete human genome
sequencemakesit possibleto beginto exploreindivid-
ual di erences betweenDNA sequence®n a genome-
wide scale, and to seard for assciations of suc
genotypic variation with disease and other pheno-
types (Risch, 2000). The largest class of individual
di erences in DNA are the single nucleotide polymor-
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phisms (SNPs). Millions of SNPs have beendetected
thus far out of an estimated total of ten million com-
mon SNPs (Sacidanandam et al., 2001).

A SNP commonly has two variants, or alleles in the

population, corresponding to two speci ¢ nucleotides
chosenfrom fA; C;G; Tg. A haplotype is a list of al-

leles at contiguous sites in a local region of a single
chromosome. Assuming no recombination in this local
region, a haplotype is inherited asa unit. Recall that

for diploid organisms (such as humans) the chromo-
somescomein pairs. Thustwo haplotypesgo together
to make up a genotyge, which is the list of unordered

pairs of allelesin a region. That is, a genotype is
obtained from a pair of haplotypes by omitting the

speci cation of the assaiation of ead allele with one
of the two chromosomesjits phase Common biolog-
ical methods for assging genotypestypically do not

provide phaseinformation; phasecan be obtained at a
considerablyhigher cost (Patil et al., 2001). It is desir-
able to dewvelop automatic methods for inferring haplo-
typesfrom genotypesand possibly other data sources
(e.g., pedigrees). With a set of inferred haplotypesin

hand, assaiations to diseasecan be explored.

From the point of view of population genetics,the ba-
sic model underlying the haplotype inferenceproblem
isa nite mixture model. That is, letting H denotethe
set of all possible haplotypes assaiated with a given
region (a set of cardinality 2¢ in the caseof binary
polymorphisms, where k is the number of heterozy-
gous SNPs), the probability of a genotype is given by:
X

p(hi;h2)I(hy  hz = Q) 1)

h1;h22H

p(g) =

wherel(hy h, = @) is the indicator function of the
evert that haplotypesh; and h, are consistert with g.
Under the assumption of Hardy-Weinberg equilibrium
(HWE), an assumptionthat is standard in the litera-
ture and will alsobe made here,the mixing proportion
p(hi;hy) is assumedto factor as p(h;)p(hy).

Given this basic statistical structure, the simplest



methodology for haplotype inferenceis maximum lik e-
lihood via the EM algorithm, treating the haplotype
identities aslatent variablesand estimating the param-
etersp(h) (Exco er & Slatkin, 1995). This methodol-
ogy has rather sewere computational requiremerts, in
that a probability distribution must be maintained on
the (large) set of possible haplotypes, but even more
fundamertally it fails to capture the notion that small
sets of haplotypes should be preferred. This notion
derives from an underlying assumption that for rela-
tiv ely short regionsof the chromosomethere is limited
diversity due to population bottlenecks and relatively
low rates of recombination and mutation.

One approach to dealing with this issueis to formulate
a notion of \parsimony," and to dewelop algorithms
that directly attempt to maximize parsimory. Sev-
eral important papershave takenthis approad (Clark

et al., 1998; Gus eld, 2002; Eskin et al., 2003) and
have yielded newinsights and algorithms. Another ap-
proach is to elaborate the probabilistic model, in par-
ticular by incorporating priors on the parameters. Dif-

ferent priors have beendiscussedby di erent authors,
ranging from simple Diric hlet priors (Niu et al., 2002)
to priors based on the coalesceh process(Stephens
et al., 2001) to priors that capture aspects of recom-
bination (Greenspan& Geiger, 2003). These models
provide implicit notions of parsimony, via the implicit

\Ockham factor" of the Bayesianformalism.

We also take a Bayesian statistical approac in the
current paper, but we attempt to provide more ex-
plicit cortrol over the number of inferred haplotypes
than hasbeenprovided by the statistical methods pro-
posedthus far, and the resulting inference algorithm
has commonalitieswith the parsimony-basedscemes.

Our approad is basedon a nonparametric prior known
as the Dirichlet process (Ferguson,1973). In the set-
ting of nite mixture models, the Dirichlet process|
not to be confusedwith the Dirichlet distribution|is
able to capture uncertainty about the number of mix-
ture componerts (Escobar & West, 2002). The basic
setup canbe explainedin terms of an urn model, and a
processthat proceedsthrough data sequetially. Con-
sider an urn which at the outset cortains a ball of a
single color. At ead step we either draw a ball from
the urn, and replaceit with two balls of the samecolor,
or we are given a ball of a new color which we placein
the urn, with a parameter de ning the probabilities of
thesetwo possibilities. The assaiation of data points
to colorsde nes a \clustering”" of the data.

To make the link with Bayesian mixture models, we
assaiate with ead color a draw from the distribution
de ning the parameters of the mixture componerts.

This processde nes a prior distribution for a mixture

model with a random number of componerts. Multi-

plying this prior by a likelihood yields a posterior dis-
tribution . Markov chain Monte Carlo algorithms have
beendeweloped to samplefrom the posterior distribu-

tions assaiated with Diric hlet processpriors (Escobar
& West, 2002; Neal, 2000).

The usefulnessof this framework for the haplotype
problem should be clear|using a Dirichlet process
prior wein essencenaintain a pool of haplotype candi-

datesthat grows asobsened genotypesare processed.
The growth is cortrolled via a parameter in the prior

distribution that corresponds to the choice of a new
color in the urn model, and via the likelihood, which

assessethe match of the newgenotypeto the available

haplotypes.

To expand on this latter point, an advantage of the
probabilistic formalism is its ability to elaborate the
obsenation model for the genotypes to include the
possibility of errors. In particular, the indicator func-
tion 1(hy hy = @) in Eq. (1) is suspect|there are
many reasonswhy an individual genotype may not
match with a current pool of haplotypes, such as the
possibility of mutation or recomnbination in the meio-
sis for that individual, and errors in the genotyping
or data recording process. Sud sourcesof small dif-
ferencesshould not lead to the inference procedure
spavning new haplotypes.

In the current paper we presen a statistical model for
haplotype inferencebasedon a Diric hlet processprior
and a likelihood that includes error models for geno-
types. Wedescribe a Markov chain Monte Carlo proce-
dure, in particular a procedurethat makesuseof both
Gibbs and Metropolis-Hasting updates, for posterior
inference. We preseri results of applying our method
to the analysis of both simulated and real genotype
data, comparing to the state-of-the-art PHASE algo-
rithm (Stephenset al., 2001).

Mo del

The input to a phasing algorithm can be represerted
asa genotype matrix G with columnscorresponding to
SNPs in their order along the chromosomeand rows
corresponding to genotyped individuals. Gj; repre-
sens the information on the two alleles of the i-th
individual for SNP j. We denote the two alleles of a
SNP by 0 and 1, and G;; can take on one of four val-
ues: 0 or 1, indicating a homozygoussite; 2, indicating
a heterozygoussite; and ' ?', indicating missing data.*

2. The Statistical

!Although we focus on binary data here, it is worth
noting that our methods generalize immediately to non-



We will describe our modelin terms of a pool of ances-
tral haplotypes,or templates from which ead popula-
tion haplotype originates (Greenspan& Geiger, 2003).
The haplotypeitself may undergopoint mutation with

respect to its template. The size of the pool and its

composition are both unknown, and are treated asran-
dom variables under a Diric hlet processprior. We be-
gin by providing a brief description of the Dirichlet
processand subsequetly shaov how this processcan
be incorporated into a model for haplotype inference.

2.1. Diric hlet pro cess mixtures

Rather than presern the Dirichlet processin full gener-
ality, we focus on the speci ¢ setting of mixture mod-

els,and make useof an urn model to presen the essen-
tial features of the process. For a fuller presenation,

see,e.g., Ishwaran and James(2001). We assumethat

data x arise from a mixture distribution with mixture

componerts p(xj ). We assumethe existenceof a base
measure G( ), which is one of the two parameters of
the Dirichlet process. (The other is the parameter

which we presert below). The parameter G( ) is not

the prior for , but is usedto generatea prior for

in the manner that we now discuss.

Consider the following processfor generating samples

unspeci ed number of mixture componerts, or eguiv-
alence classes
The rst samplex; is sampledfrom a distribution
p(xj 1), wherethe parameter ; is sampledfrom
the basemeasureG( ).
The ith sample,x;, is sampledfrom the distribu-
tion p(Xj ¢ ), where:

{ The equivalenceclassof samplei, ¢, is drawn
from the following distribution:

p(ci = g for somej < ijey;::tic 1) = nlc,-+ )
p(c 6 g forallj <ijoi:iiic 1) = ——7— ()

whereng, is the occupancy number of classc; [the
number of previous samplesbelongingto classc;.

{ The parameter . assiated with the mixture
componert ¢ is obtained as follows:

_ if ¢ =¢ forsomej <i

Ci

if c6¢ forall j<i

¢ G() (i.e., ¢ is a new equivalenceclass)

Egs. (2) and (3) de ne a conditional prior for the
equivalence class indicator ¢; of eac sample during

binary data, and accommodate missing data.

a sequetial sampling process. They imply a self-
reinforcing property for the choice of equivalenceclass
of eadh new sample|previously populated classesare
more likely to be chosen.

It is important to emphasizethat the processthat we
have discussedwill be usedasa prior distribution. We
now embed this prior in a full model that includes a
likelihood for the obsened data. In Section 3 we de-
velop Markov chain Monte Carlo inferenceprocedures
for this model.

2.2. The model

We present a probabilistic model for the generation
of haplotypesin a population and for the generation
of genotypes from these haplotypes. We assumethat
ead individual's genotype is formed by drawing two
random templates from an ancestral pool, and that
these templates are subject to random perturbation.
To model sudh perturbations we assumethat ead lo-
cus is mutated independertly from its ancestral state
with the sameerror rate. Finally, we assumethat we
are given noisy obsenations of the resulting genotypes.
The model is displayed as a graphical model in Fig-
ure 1.

Figure 1. The graphical model represertation of the hap-
lotype model with a Diric hlet processprior. Circles rep-
resert the state variables, ovals represert the parameter
variables, and diamonds represent xed parameters. The
dashed boxes denote sets of variables corresponding to the
sameancestral template, haplotype, and genotype, respec-
tively. The solid boxescorrespond to i.i.d. replicates of sets
of variables, each assciated with a particular individual,

% (i.e., ¢ is a populated equivalenceclasspr ancestral template, respectively.

Let J be an ordered list of loci of interest. For
ead individual i, we denote his/her paternal haplo-

of ancestral templates as A = fA;1;A5;:::9, where



set.

In our framework, the probability distribution of the
haplotype variable H;,, where the sub-subscriptt 2
f0; 1g indexes paternal or maternal origin, is mod-
eled by a mixture model with an unspecied num-
ber of mixture componerts, ead corresponding to an
equivalence class assaiated with a particular ances-
tor. For ead individual i, we de ne the equivalence
classvariablesC;, and C;, for the paternal and mater-
nal haplotypes, respectively, to specify the ancestral
origin of the corresponding haplotype. The C;, are
the random variables corresponding to the equivalence
classesof the Dirichlet process. The base measureG
of the Dirichlet processis a joint measureon ances-
tral haplotypes A and mutation parameters , where
the latter captures the probability that an allele at a
locus is identical to the ancestor at this locus. We
let G(A; ) = p(A)p( ), and we assumethat p(A) is a
uniform distribution over all possible haplotypes. We
let p( ) be a beta distribution, Beta( ; ), and we
choosea small value for ,=( n + ), corresponding
to a prior expectation of a low mutation rate.

Given C;, and a set of ancestors,we de ne the condi-
tional probability of the corresponding haplotype in-

p(Hi, = hiCi, = K;A = a; )
= Q(Hi‘:thkza;k: )
= p(hjjay; ); (4)
j

where p(h; ja; ; ) is the probability of having allele h;
at locusj given its ancestor. Eq. (4) assumesthat
ead locus is mutated independerly with the same
error rate. For haplotypes, H; ; takes values from
a set B of alleles. We use the following single-lccus
mutation model:
I(hj:aj) 1 l(hleal)
iBj 1
where () is the indicator function.

p(hija; ) = ()

The joint conditional distribution of haplotype in-
stancesh = fh;, t 2 f0;1g;i 2 f1;2;:::;109
and parameter instances

set of ancestorsa =
explicitly as:

mk+h11 ko Mk o1

h; j Y
p( ’ JCI a) / ) k JBJ 1
P P (6)
where my = i I(higy = agg)l(c, = k) is the
number of allelesthat were not mutated with respect

P
to the ancestral allele, and my = A(hi; 6

ag;j)l(ci, = K) is the number of mutated alleles. The
count my = fmk;mEg is a su cien t statistic for the
parameter , and the count m = fmk;m‘,gg is a suf-
cient statistic for the parameter The marginal
conditional distribution of haplotype instancescan be

obtained by integrating out in Eq. (6):
Y ( h+m)( p+md) 1
hic;a)=  R( n; LELILLL. 9 WL LA |
p(hjc;a) ) Cn h)( h+ nh+mg+md) jBj

(7)

where () is the gamma function, and R( n; n) =

% is the normalization constart asseiated
with Beta( ; n). (For simplicity, we usethe abbre-

viation Ry, for R( ; n) in the sequel).

We now introduce a noisy observation model for the

eath G;; denotesthe genotype at locusj. We assume
that the obsened genotype at a locus is determined
by the paternal and maternal alleles of this locus as
follows:

p(gi;j jhio;i ;hil;j ; )

— I(hij =gy )[ l(l )]'(hi:j 62’éli;J )

)] (i égi;j N L1

where hi; , hi,j hi,j denotesthe unordered pair
1

of two actual SNP allele instancesat locusj; \6" de-

notes set di erence by exactly one elemern (i.e., the

obsened genotype is heterozygous,while the true one
2

is homozygous);\ 6" denotesset di erence of both el-
emerts (i.e., the obsened and true genotypesare dif-
ferert and both are homozygous);and ; and , are
appropriately de ned normalizing constarts. We place
abeta prior Beta( 4; ¢) on . Assumingindependert
and identical error modelsfor ead locus, the joint con-
ditional probability of the erntire genotype obsenation
g = fg i 2 f1;2;:::;19g and parameter , given
all haplotype instancesis:

p(g; jh) = p(gi; jhigshiy)

0, 00
+u%+u
gtu 14 9

1 ,0 00
12 (8)

where the su cien t statistics u = fu; u% u®y are com-

P P 1
i I(hij = i), ul = i I(hij 6
2
gij ), and u®= P ij 1(hj;i 6 g;), respectively. Note
that u+ u®+ u%=1J. Tore ect an assumption that
the obsenational error rate is low weset ¢=( g+ ¢)
to a small constart (0.001). Again, the marginal con-
ditional distribution of g is computed by integrating
out

puted asu =



Having described our Bayesian haplotype model, the
problem of phasingindividual haplotypesand estimat-
ing the size and con guration of the latent ancestral
pool can be solved via posterior inference given the
genotype data.

3. Mark ov chain Monte Carlo for
Haplot yp e Inference

In this section, we describe a Gibbs sampling algo-
rithm for exploring the posterior distribution under
our model, including the latent ancestral pool. We
also present a Metropolis-Hastings variant of this al-
gorithm that appearsto mix better in practice.

3.1. A Gibbs sampling algorithm

The Gibbs samplerdraws samplesof eat random vari-
able from a conditional distribution of the variable to
be sampled given (previously sampled) values of all
the remaining variables of the model. The variables
neededin our algorithm are: ¢;,, the index of the an-
cestraltemplate of a haplotype instancet of individual
i; a;j, the allele pattern at the j-th locus of the k-th
ancestral template; h; ; , the t-th allele of the SNP at
the j-th locus of individual i; and g;; , the genotype
at locusj of individual i (the only obsened variables
in the model). All other variables in the model|
and |are integrated out. The Gibbs sampler thus
samplesthe valuesof ¢;,, ax; andh; ;.

Conceptually, the Gibbs sampler alternates between
two coupled stages. First, given the current values of

the hidden haplotypes, we sample the ¢, and subse-

quertly ay;, which are assaiated with the Diric hlet
processprior. Second,given the current state of the
ancestral pool and the ancestral template assignmen
for eadh individual, we samplethe h;;, variablesin the
basic haplotype model.

In the rst stage,the conditional distribution of ¢;, is:
p(c, = kjcp igshia)/ p(c, = kjep i)p(hijac;c;hyp i,

NE ik
n 1+

1 aoP(hi,ja9p(ad) if k & co, for all ito & i

where [ i;] denotes the set of indices excluding iy;
N, i« represers the numberofci?0 for i?o 6 i; that are
equalto k; n represerts the total number of instances
sampled so far; and m| ;,; denote the m su cien t
statistics assaiated with all haplotype instancesorig-
inating from ancestork, excepth;,. This expressionis
simply Bayestheorem with p(h; jag;c;h; i,;.) playing
the role of the likelihood and p(ci, = Kk jc; i,;) playing
the role of the prior. The likelihood p(h;, jax; m| i jx)

VW AW 00

Bhi ja my i) if k= i, for somei 6 it

is obtained by integrating over the parameter , asin
Eq. (7).

The conditional probability for a newly proposed
equivalenceclassk that is not populated by any previ-
ous samplesrequi,gesa summation over all possiblean-
cestors:p(hi,) = o p(hi,ja%p(a%. Sincethe gamma
function does not factorize over loci, computing this
summation takestime that is exponertial in the num-
ber of loci. To skirt this problem we endov ead locus
with its own mutation parameter ; , with all parame-
ters admitting the sameprior Beta( ; ). This gives
rise to a closed-formformula for the summation and
also for the normalization constart in Eq. (9). It is
also, arguably, a more accurate re ection of reality.

Now we need to sample the ancestor template ay,
where k is the newly sampled ancestorindex for ¢, .
When k is not equal to any other existing index Cioy
a value for ax needsto be chosenfrom p(Ajh;,), the
posterior distribution of A based on the prior p(A)
and the single dependert haplotype h;,. On the other
hand, if k is an equivalenceclasspopulated by previ-
ous samplesof Gio,» We draw a new value of ax from
p(Ajhi,; s.t. ¢, = k). If after a new sampleof ¢, a
template is no longer assaiated with any haplotype
instance, we remove this template from the pool. The
conditional distribution for this Gibbs step is there-
fore:

p(ax; jhiy; st c, = k)/

; - IChip g =ak;)
phiijag) = =4 """ geroc o w
if k is not previously instantiated

I(hi;j 6ak;)

( h+my;( h+mﬁ;,-)

p(hi.; s.t. ¢, = Kjax;) = .
( n+ ntng) (jBj 1) ki
’ if k is previously instantiated,

(10)

wheremy; (respectively, m‘,z;j ) is the number of allelic
instancesoriginated from ancestork at locusj that are
identical to (respectively, di erent from) the ancestor,

1) whenthe ancestorhasthe pattern a; .

) We now proceedto the secondsampling stage,in which
we sample the haplotypesh;,. We sampleead h;,;,
for all j;i; t, sequetially according to the following
conditional distribution:

pChiiibr o hiciicaa)

I p(g@ijhigg s higgsup i) P jawg s My Gigk)
_ ( g+ u)( g+ U0+ u%) WO @
= Ry (ot o7 13) [ 91 2]
+ m;- + mo.
Re ( n+mju)( h* k,Jr:O (11)
( n+ n+ng) (jBj )Mk



where [ (it;j)] denotesthe set of indices excluding
(i;]) and mi; = mp gy + 1(hiy = ag) (and
similarly for the other su cien t statistics). Note that
during ead sampling step, we do not have to recom-
pute the ( ), becausehe su cien t statistics are either
not goingto change(e.g., whenthe newly sampledh; ;

is the sameasthe old sample), or only goingto change
by one (e.g., when the newly sampledh;,; resultsin
a change of the allele). In such casesthe new gamma
function can be easily updated from the old one.

3.2. A Metrop olis-Hasting sampling algorithm

Note that for a long list of loci, a uniform p(A) of all
possible ancestral template patterns will render the
probability of sampling a new ancestor in nitesimal,
due to the small value of the smoothed marginal likeli-
hood of any haplotype pattern h;,, as computed from
Eqg. (9). This could result in slov mixing.

An alternative sampling strategy is to use a par-
tial Gibbs sampling strategy with the following
Metrop olis-Hasting updates. For the proposal distri-
bution for the equivalenceclassof h;, we use:

Nk

g o if k= go, for someig, 6
i it k& co, for all i%6 i

(12)
Then we sample a, sequettially according to
Eq. (10). For target distribution p(c;, = Kkjc[ i,;:h;a),
the proposalfactor cancelswhen computing the accep-
tance probability , leaving:

(c,;c,) = min n pha, the i)t
v "p(hijag shrig)

a(c, = Kig i) =

(13)

In practice, we found that the above modi cation

to the Gibbs sampling algorithm leads to substan-
tial improvemen in e ciency for long haplotype lists,
whereasfor short lists, the Gibbs samplerremainsbet-
ter due to the high (100%) acceptancerate.

4. Exp erimen tal Results

We validated our algorithm by applying it to simulated
and real data and comparedits performanceto that
of the state-of-the-art PHASE algorithm (Stephens
et al.,, 2001) and other current algorithms. We re-
port on the results of both variants of our algo-
rithm: The Gibbs sampler, denoted DP(Gibbs), and
the Metropolis-Hasting sampler, denoted DP(MH).
Throughout the experimens, we set the hyperparam-
eter in the Dirichlet processto be roughly 1% of the
population size,i.e., for a data set of 100 individuals,
= 1. We useda burn-in of 2000 iterations (or 4000

—_

for datasetswith more than 50 individuals), and used
the next 6000iterations for estimation.

4.1. Simulated data

In our rst setof experiments we applied our method
to simulated data (\short sequence data") from
Stephenset al. (2001). This data cortains sets of
2n haplotypes, randomly paired to form n genotypes,
under an in nite-sites model with parameters 4
and R = 4 determining the mutation and recombina-
tion rates, respectively. We usedthe rst 40 datasets
for each combination of individuals and sites, where
the number of individuals ranged between 10 and 50,
and the number of sites ranged between5 and 30.

To evaluate the performanceof the algorithms we used
the following error measures: errs, the ratio of in-
correctly phased SNP sites over all non-trivial het-
erozygous SNPs (excluding individuals with a single
heterozygousSNP); err;, the the ratio of incorrectly
phasedindividuals over all non-trivial heterogeneous
individuals; and dg, the switch distance, which is the
number of phase ips required to correct the predicted
haplotypes over all non-trivial heterogeneousSNPs.
The results are summarized in Table 1. Overall, we
perform slightly worse than PHASE on the rst two
measures,and slightly better on the switch distance
measure(which uses100,000sampling steps). Both al-
gorithms provide a substartial improvemern over EM.

4.2. Real data

We applied our algorithm to two real datasets and
comparedits performanceto that of PHASE (Stephens
et al., 2001) and other algorithms.

The rst dataset cortains the genotypes of 129 indi-
viduals over 103 polymorphic sites (Daly et al., 2001).
In addition it corntains the genotypesof the parents of
ead individual, which allows the inference of a large
portion of the haplotypes as in Eskin et al. (2003).
The results are summarized in Table 2. It is appar-
ert that the Metropolis-Hasting sampling algorithm
signi cantly outperforms the Gibbs sampler, and is
to be preferred given the relatively limited number of
sampling steps(  6000). The overall performanceis
comparableto that of PHASE and better than both
HAP (Halperin & Eskin, 2002;Eskin et al., 2003) and
HAPLOTYPER (Niu et al., 2002).

It is important to emphasizethat our methods also
provide a posteriori estimates of the ancestral pool of
haplotype templates and their frequencies.We omit a
listing of these haplotypes, but provide an illustrativ e
summary of the ewolution of these estimates during



| DP(MH) [ PHASE [ EM |

| #individuals [ errs Jerri [ds [ errs Jerri [ds [ erri ]
10 0.060 0.216 0.051 0.046 0.182 0.054 0.424
20 0.039 0.152 0.039 0.029 0.136 0.046 0.296
30 0.036 0.121 0.038 0.024 0.101 0.027 0.231
40 0.030 0.094 0.029 0.019 0.071 0.026 0.195
50 0.028 0.082 0.024 0.019 0.072 0.025 0.167

Table 1. Performance on data from Stephenset al. (2001). The

results for the EM algorithm are adapted from Stephens

et al. (2001).
| [ DP(Gibbs) I DP(MH) I PHASE [ FAP [ HAPLOTYPER |
[ blockid. [ length [[ errs T erri [ ds [ errs Jerri [ds [ errs Terri Jds [ errs [ errs |
1 14 0.223 0.485 0.229 0 0 0 0.003 0.030 0.003 0.007 0.039
2 5 0 0 0 0.007 0.026 0.007 0.007 0.026 0.007 0.036 0.065
3 5 0 0 0 0 0 0 0 0 0 0 0.008
4 11 0.143 0.262 0.128 0 0 0 0 0 0 0.015 -
5 9 0.020 0.066 0.020 0.011 0.033 0.011 0.011 0.033 0.011 0.027 0.151
6 27 0.071 0.191 0.074 0.005 0.043 0.005 0 0 0 0.018 0.041
7 7 0.005 0.018 0.005 0.005 0.018 0.005 0.005 0.018 0.005 0.068 0.214
8 4 0 0 0 0 0 0 0 0 0 0 0.252
9 5 0.029 0.097 0.029 0.012 0.032 0.012 0.012 0.032 0.012 0.057 0.152
10 4 0.007 0.025 0.007 0.007 0.025 0.007 0.008 0.025 0.008 0.042 0.056
11 7 0.010 0.034 0.005 0.005 0.017 0.005 0.011 0.034 0.011 0.033 0.093
12 5 0.010 0.037 0.020 0 0 0 0 0 0 0 0.077

Table 2. Performance on the data of Daly et al. (2001), using the block structure provided by Halperin and Eskin (2002).
The results of HAP and HAPLOTYPER are adapted from Halperin and Eskin (2002). Since the error rate in Halperin
and Eskin (2002) usesthe number of both heterozygousand missing sites as the denominator, whereaswe used only the
non-trivial heterozygousones, we rescaledthe error rates of the two latter methods to be comparable to ours.

sampling (Figure 2).

The seconddataset cortains genotype data from four
populations, 90 individuals ead), across seweral ge-
nomic regions (Gabriel et al., 2002). We focused on
the Yoruban population (D), which contains 30 trios
of genotypes (allowing us to infer most of the true
haplotypes) and analyzedthe genotypesof 28 individ-
uals over four medium-sizedregions (seebelow). The
results are summarizedin Table 3. All methods yield
higher error rates on thesedata, comparedto the anal-
ysis of the data of Daly et al. (2001), presumably due
to the low sample size. In this setting, over all but
one of the four regions, our algorithm outperformed
PHASE for all three typesof error measures. A pre-
liminary analysis suggeststhat our performance gain
may be due to the bias toward parsimony induced by
the Dirichlet processprior. We found that the num-
ber of template haplotypesin our algorithm is typically
small, whereasin PHASE, the haplotype pool can be
very large (i.e., region 7b has83 haplotypes,compared
to 10templatesin our caseand 28 individuals overall).

5. Conclusions

We have proposeda Bayesianapproac to the model-
ing of genotypesbasedon a Diric hlet processprior. We
have shown that the Dirichlet processprovides a nat-
ural represenation of uncertainty regarding the size
and composition of the pool of haplotypes underly-

ing a population. Using Markov chain Monte Carlo
algorithms, we have shown that this model leads to
e ectiv e inference proceduresfor inferring the ances-
tral pool and for haplotype phasing basedon a set of
genotypes. The model accommalates growing data
collections and noisy and/or incomplete obsenations.
The approad also naturally imposesan implicit bias
toward small ancestralpools during inference,reminis-
cent of parsimorny methods, doing soin a well-founded
statistical framework that permits errors.

Our focus here has been on adapting the technology
of the Dirichlet processin the setting of the standard
haplotype phasing problem. But an important un-
derlying motivation for our work, and a general mo-
tivation for pursuing probabilistic approacesto ge-
nomic inference problems, is the potential value of
our model as a building block for more expressie
models. In particular, asin Greenspanand Geiger
(2003) and Lauritzen and Sheehan(2002), the graph-
ical model formalism naturally accommalates various
extensions,such as segmetmation of chromosomesinto

| [ DP(MH) [ PHASE |

| region [ length [ errs [ erri [ ds [ errs Jerri [ds |
16a 13 0.185 | 0.480 | 0.141 | 0.174 | 0.440 | 0.130
1b 16 0.100 | 0.250 | 0.160 | 0.200 | 0.450 | 0.180
25a 14 0.135 | 0.353 | 0.115 | 0.212 | 0.588 | 0.212
7b 13 0.105 | 0.278 | 0.066 | 0.145 | 0.444 | 0.092

Table 3. Performance on the data of Gabriel et al. (2002).
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Figure 2. The top ten ancestral templates during Metrop olis-Hasting sampling for block 1 of the data of Daly et al. (2001).
(The numbersin the panels are the posterior means of the frequency of each template). (a) Immediately after burn-in
(rst 2000 samples). (b) 3000 samplesafter burn-in. (c) 6000 samplesafter burn-in.

haplotype blocks and the inclusion of pedigree rela-
tionships. The Diric hlet processparameterization also
provides a natural upgrade path for the consideration
of richer models;in particular, it is possibleto incorpo-
rate more elaborate basemeasuresG into the Diric h-
let processframework|the coalescence-basedistri-
bution of Stephenset al. (2001) would be an interest-
ing choice.
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