Bounded Real-Time Dynamic Programming:
RTDP with monotone upper bounds and performance guarantees

H. Brendan McMahan
Maxim Likhac hev
Georey J. Gordon

mcmahan@cs.cmu.edu
maxim+@-cs.cmu.edu
ggordon@cs.cmu.edu

Carnegie Mellon University, 5000 Forbes Avenue, Pittsburgh PA 15213USA

Abstract

MDPs are an attractive formalization for
planning, but realistic problems often have
intractably large state spaces.When we only
needa partial policy to getfrom a xed start
state to a goal, restricting computation to
states relevant to this task can make much
larger problems tractable. We introduce
a new algorithm, Bounded RTDP, which
can produce partial policieswith strong per-
formance guarantees while only touching a
fraction of the state space, even on prob-
lems where other algorithms would have
to visit the full state space. To do so,
Bounded RTDP maintains both upper and
lower bounds on the optimal value func-
tion. The performance of Bounded RTDP
is greatly aided by the introduction of a
new technique to e cien tly nd suitable up-
per bounds; this technique can also be used
to provide informed initialization to a wide
range of other planning algorithms.

1. Intro duction

In this paper we considerthe problem of nding a pol-
icy in a Markov decision processwith a xed start
state! s, a xed zero-costabsorbing goal state g, and
non-negative costs. Such problems are also commonly
known asstochastic shortest path problems (Bertsekas

LAn arbitrary start-state distribution can be accomo-
dated by adding an imaginary start state with a single
action which produces the desired state distribution; the
algorithms considered in this paper becomelesse ectiv e,
however, as the start-state distribution becomesdenser.
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& Tsitsiklis, 1996). Perhaps the simplest algorithm
for this problem is value iteration, which solvesfor an
optimal policy on the full state space. In many real-
istic problems, howewver, only a small fraction of the
the state spaceis relevant to the problem of reach-
ing g from s. This fact has inspired the developmert
of a number of algorithms that focus computation on
statesthat seemto be most relevant to nding an op-
timal policy from s. Sud algorithms include Real-
Time Dynamic Programming (RTDP) (Barto et al.,
1995), Labeled RTDP (LRTDP) (Bonet & Ge ner,
2003b), LAO’ (Hansen & Zilberstein, 2001), Heuris-
tic Seartr/DP (HDP) (Bonet & Ge ner, 2003a), En-
velope Propagation (EP) (Dean et al.,, 1995), and
Focused Dynamic Programming (FP) (Ferguson &
Stentz, 2004).

Many of thesealgorithms useheuristics (lower bounds
on the optimal value function) and/or sampledgreedy
trajectories to focus computation. In this paper we
introduce Bounded RTDP, or BRTDP, which is based
on RTDP and usesboth a lower bound and sampled
trajectories. Unlike RTDP, howewer, it also main-
tains an upper bound on the optimal value function,
which allows it to focus on states that are both rel-
evant (frequertly readced under the current policy)
and poorly understood (large gap betweenupper and
lower bound). Further, acting greedily with respect to
an appropriate upper bound allows BRTDP to make
anytime performanceguaranees.

Finding an appropriate upper bound to initialize
BRTDP can greatly impact its performance. One of
the cortributions of this paper is an e cien t algorithm
for nding sud an upper bound. Nevertheless,our ex-
periments show that BRTDP performswell evenwhen
initialized naively.

We evaluate BRTDP on two criteria: o -line conver-
gene, the time required to nd an approximately op-
timal partial policy before any actions are taken in
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the real world; and anytime performance, the abil-
ity to produce a reasonablepartial policy at any time
after computation is started. Our experiments show
that when run o -line, BRTDP often corvergesmuch
more quickly than LRTDP and HDP, both of which
are known to have good o -line cornvergenceproper-
ties. And, when used as an anytime algorithm, a
suitably-initialized BRTDP consisterily outperforms
a similarly initialized RTDP; RTDP is known to have
good anytime properties. Furthermore, given reason-
ableinitialization assumptions,BRTDP will always re-
turn a policy with a provable performancebound; we
know of no other MDP algorithms with this property.

In fact, the gapin o ine performancebetweenBRTDP
and competing algorithms can be arbitrarily large be-

cause of di erences in how they ched cornvergence.

HDP, LRTDP, and LAO? (and most other algorithms
of which we are aware?) have corvergenceguarantees
basedon achieving small Bellman residual on all states
reachable under the current policy, while BRTDP only
requires a small residual on states reachable with sig-
ni c ant probability. Let f (y) bethe expected number
of visits to state y giventhat the agen starts at sand
executespolicy . We say an MDP has dense noise
if all policies have many nonzero ertries in f . For
example, planning problems with action errors have
f > 0 for all reachable states. (Action errors mean
that, with somesmall probability, we take a random
action rather than the desired one.) Dense noise is
fairly common, particularly in domains from robotics.
For example, Gaussianerrors in movemert will make
every state have positive probability of being visited.
Gaussianmotion-error modelsarewidespread,e.g.(Ng
et al., 2004). Unpredictable motion of another agert
can also causelarge numbers of statesto have positive
visitation probability; an exampleof this sort of model
is described in (Roy et al., 2004).

For HDP or LRTDP to corverge for problems with
densenoise, they must do work that is at least linear
in the number of nonzeroertries in f , even if most
of those ertries are almost zero. With an appropriate
initialization, BRTDP's bounds allow it to make per-
formance guaranteeson MDPs with densenoise with-
out touching all reachable states, potentially making
it arbitrarily faster than HDP, LRTDP, and LAO?.

2After the submission of our paper, it was pointed out
that our exploration strategy is similar to that of the HSVI
algorithm (Smith & Simmons, 2004); since HSVI is de-
signed for POMDPs rather than MDPs, the forms of the
bounds that it maintains are dierent from ours, and its
backup operations are much more expensive.

2. Basic Results

We represern a stochastic shortest path problem with
a xed start state as a tuple M = (S;A; P;c;s;0),
where S is a nite set of states, s 2 S is the start
state, g 2 S is the goal state, A is a nite action set,
c:S A! R, isacostfunction, and P givesthe
dynamics; we write P, for the probability of reacing
state y when executing action a from state x. Sinceg
is a zero-costabsorbing state we have ¢(g;g) = 0 and
P&, = 1for all actions a. If v 2 RISI is an arbitrary
assignmen of valuesto states, we de ne state-action
valueswith respect to v by

Quix;a) = cxa)+ P v(y):
y2S

A stationary policy is a function :S! A. A policy
is proper if an agert following it from any state will
eventually reach the goalwith probability 1. We make
the standard assumptionthat at least one proper pol-
icy exists for M , and that all improper policies have
in nite expectedtotal costat somestate (Bertsekas &
Tsitsiklis, 1996). For a proper policy , we de ne the
value function of asthe solut"gpn to the set of linear
equationsv (x) = c(6 (X)) + ,,5 Po OV (¥). It is
well-known that there exists an optimal value function
v?, and it satis es the Bellman equations:

Vi(x) = minQy-(x;a);  vi(g) = O:

For an arbitrary v, we de ne the (signed) Bellman er-
ror of v at x by be,(x) = v(X) minga Qu(X;a). The
greedy policy with respect to v, greedy(), is de ned
by greedy(v)(x) = argming, o Qv(X; a).

We are particularly interestedin monotonevalue func-
tions: we refer to v as monotone optimistic (a mono-
tone lower bound) if 8x; be,(x) 0. We call it
monotone pessimistic (a monotone upper bound) if
8x; be,(x) 0. We usethe following two theorems,
which canbe proved using techniquesfrom, e.g. (Bert-
selas & Tsitsiklis, 1996, Sec.2.2).

Theorem 1 If v is monotone pessimistic, then v is
an upper bound on v’. Similarly, if v is monotone
optimistic, then v is a lower bound on v?.

Theorem 2 Supmsev, is a monotone upper bound
onv’. If s the greedy policy with respect to vy, then
for all x, v (x) vy(x).

No analog to Theorem 2 exists for a greedy policy
based on a lower bound v-, monotone or otherwise:
such a policy may be arbitrarily bad. As an exam-
ple, consider the valuesvy found by solving M 4, the
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Figure 1. An MDP where the greedy policy with respect
to vg, the values from the deterministic relaxation, is im-
proper. Costs are c(x; a) = 1 and ¢(x; b) = 10.

deterministic relaxation of M. (In M 4, the agert
gets to choose any outcome of any action from ead
state, rather than choosingan action and then facing a
stochastic outcome. M ¢ is important becauseRTDP,
LRTDP, HDP, and LAO? are often initialized to vg.)
It is easyto show that vq4 is a monotonelower bound on
v?. Further, M 4 is deterministic, sowe cansolveit by
A or Dijkstra's algorithm. Howewver, greedy(vy) need
not even be proper. Consider the MDP in Figure 1:
Vg(Xx) = 10, so Qy,(x;a) = 11 and Q,(x; b = 19,
and the greedy policy for vy always selectsaction a.
Since RTDP, LRTDP, HDP, and LAO? selectactions
greedily, this exampleshowsthat thesealgorithms may
initially produce arbitrarily bad policies?

3. Ecien t Monotone Bounds

Our planning algorithm, BRTDP, is described below
in Section 4. It can be initialized with any upper
and lower bounds v, and v- on v?, and provides per-
formance guaranteesif v, and v- are monotone. So,
we needto compute monotone boundsv, and v- e -

ciently. This section describeshow to do so assuming
we can aord to visit every state a small number of
times; Section 5 describes looser bounds which don't
require visiting all of S. As noted above, we can ini-
tialize v- to the value of the deterministic relaxation
M 4; so, the remainder of this section dealswith v,,.

For any proper policy , the value function v is a
monotone upper bound. A proper policy can be found
reasonablyquickly, for exampleby computing , from
the deterministic relaxation. Unfortunately, directly
solving the linear systemto evaluate requiresabout
O(jSj®) time (worst-case). This is the fastest tech-
nigue we are aware of in the literature. We introduce
a new algorithm, called Dijkstra Sweepfor Monotone
Pessimistic Initialization (DS-MPI), which can com-
pute a monotone upper bound in O(jSjlog|Sj) time.

Suppose we are given a policy  along with pg;w 2

*We can, however, always extract a proper policy
from v4. In order for x to get a value vq4(x) there must exist
a2 Aandy 2 S satisfying Pg, > 0, va(x) = c(x; @)+ va(y).
We can set (x) equal to any such action a; it is natural
to pick the a which makes Py, as large as possible.

RIS that satisfy the following property: if we execute

from x until some xed but arbitrary condition* is
met, then w(x) is an upper bound on the expectedcost
of the executionfrom x until executionis stopped, and
pg(X) is a lower bound on the probability the current
state is the goal when executionis stopped. If pg(x) >
Oandw(x) is nite for all x (and if the other conditions
of the theorem below are satis ed), then we can use
pg and w to construct a monotone upper bound. We
rst prove that we can do so, then shov an algorithm
for constructing such a p; and w.

Theorem 3 Supmsepy and w satisfy the conditions
given alovefor somepolicy . Further, supmsefor all
% there exists an action a suchthat eithgr (1) pg(x) <

y2s Pxy Pg(@) or (I) w(x) c(x;a)+ ;g Pgw(y)
and pg(X) = 55 P Pg(y). Dene (x;a) by

P
k@t ,sPRWY) W)
bi® 25 Py Pe(y)  Pg(x)

when case () applies, let (x;a) = 0 when case (Il)
applies, and let (x;a) = 1 otherwise. Then, if we

choose MmaXxy2s Ming2a  (X; @), the value function
Vu(X) = w(x)+ (1 pg(x)) isa nite monotoneupper
bound on v?.

Pro of: It is sucien t to shaw that all Bellman errors
for v, are positive, that is for all x,
2 3

vu(x) mindc(x;a)+  PRw(y)® O
a2A y2s

Plugging in the de nition of v, from above gives

wix) (1 pg(x)) 3

(a‘gip“C(X; a)+  PHW)+ (@ pg(y) )5 (D)
y2S

We needto show that this holds for all x given as
de ned by the Theorem. Consider an a for which one
of the conditions (I) or (1) on w and py holds. (This
need not be the minimizing action in (1).) In case
() we cansolve (1) for and arrive at the constraint

(x;a). In case(ll), any will satisfy (1), so
we pick the constraint 0 = (x;a). Sincewe
only need (1) to hold for a single action in state X,

“For example, we might execute for t steps, or exe-
cute until we reach a state in some subset of S. For-
mally, can be an arbitrary (history-dep endent) policy,
and the stopping condition can be an arbitrary function
from histories to fstop ;don't stop g which ensuresthat
all tra jectories eventually stop.



Dynamic

Programming

Bounded Real-Time
Initialization:
8(x;a); Pg(x;a) 0; 8a; Py(gra) 1
w(x;a) c(x;a)

pg; W initialized arbitrarily
8x; (x) undened; (Q)
8x; pri(x) =1, n(x) = false

(arbitrary action)

Sweep:
queue.enqueue(goal))
while not queue.empy() do

x  queue.pp()

n( x) = true
w(x) WX (X))
Pg(X)  pg(x; (X))

for all (y;a) s.t.(Pg > 0) and (not n(y)) do
W(y;a)  W(y;a) + P& w(x)
Pg(y;a)  Py(y;a) + PR pg(X)
pri- L py(y:a); w(y;a)i
if pri < pri(y) then

priy)  pri

() a

queue.decreaseKey; pri(y))
Algorithm  1: DS-MPI

choosing the action with the loosestconstraint yields
ming2a (X; @); intersecting these constraints for
all statesgivesthe de ned by the Theorem. Sincewe
assumedthat every state has an action that satis es
either (I) or (11), this is nite and sov, is nite.

Now we will shov how to construct the necessaryw,
Py, and correspnding . The idea is simple: suppose
state X, hasan action a such that P, ;> 0. Then we
cansetw(x;) = c(x1;a) and pg(x1) = PZ 4. Now, pick
somex; and a; suc that P22, + P22, > 0. We can
set pg(X2) equalto PZz; + P22, pg(x1) and w(xz) =
c(Xz2;a2) + P22,0+ P22 w(x1). We can now select
X3 to be any state with an action that has positive
probability of reaching g, x1, or X2, and we will be able
to assignit a positive py. The policy corresponding
to pg and w is given by (x;) = a;, and the stopping
condition endsa trajectory wheneer a transition from
Xj to x; occurswith j  i. The py and w values we
compute are exact values, not bounds, for this policy

and stopping condition.

To completethe algorithm, it remainsto give a method
for determining what state to selectnext when there
are multiple possible states. We propose the greedy
maximization of pg(Xk): h@ying xed Xq1;::iXk 1, Se-
lect (Xk;ak) to maximize . P2k pg(xi). If there
are multiple states that adwievqgthe same pg(xx), we
choosethe one that minimizes P2k w(x;). Al-
gorithm 1 givesthe pseudaode for calculating pg and

w; the queueis a min priorit y queue(with priorities in
R? which are comparedaccordingto lexical order), and
By and W are analogousto the Q valuesfor v. After ap-
plying the sweepprocedure,one can apply Theorem 3
to construct vy.

In fact, condition (I) or (11) will always hold for action
ay, and soit issucient to set = maxy,2s (Xi;&).
To seethis, consider the (xg;ax) selected by DS-
MPI
ﬁ,.e., n(xj) = true, i < k). Then pyg(xx) =

i« Py Pg(Xi). At corvergenceall states x have
pg(x) > 0, and so the only way pg(xx) can equal

y2s P2k Pg(y) is if all outcomesof (xx;ax) were al-
ready nisk,}ed when pg(Xk) was determined. This im-
pliesthat ., P&, w(xi) = ,5Payw(y), and so
w(y) = c(x;a) + y2s P« w(y) and condition (I1)
holds. Otherwise, condition (I) must hold for (xx; ax).
Additional backups of w and pg will presene these
properties, so if extra computation time is available,

additional sweepswill tighten our upper bound.

If the dynamics are deterministic, we can always pick
(Xk;ak) so pg(xk) = 1, and so our scheduling corre-
sponds to Dijkstra's algorithm. This sweepis similar
to the policy improvemert sweepsin the Prioritized
Policy Iteration (PPI) algorithm described in (McMa-
han & Gordon, 2005). The primary dierences are
that the PPl version assumesit is already initialized
to some upper bound and performs full Q updates,
while this version performs incremenrtal updates.

The running time of DS-MPI is O(jSjlogjSj) (assum-
ing a constart branching factor for outcomes) if a
standard binary heapis usedto implement the queue.
However, an unscheduled version of the algorithm will

still producea nite (though possibly much looser)up-
per bound, sothis technique canberun in O(jSj) time.

If no additional information is available, then this per-
formance is the best possiblefor arbitrary MDPs: in

generalit is impossibleto produce an upper bound on
v? without doing O(jSj) work, sincewe must consider
the cost at eat reachable state.

4. Bounded RTDP

The pseudaode for Bounded RTDP is givenin Algo-
rithm 2. BRTDP has four primary dierences from
RTDP: rst, it maintains upper and lower bounds
vy and v- on V7, rather than just a lower bound.
When a policy is requested (before or after conver-
gence), we return greedy(,); v- helps guide explo-
ration in simulation. Second, when trajectories are
sampledin simulation, the outcome distribution is bi-
asedto prefer transitions to states with a large gap
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Main loop:
while (vy(s) v (9) > do
runSampleTrial()

runSampleT rial:
X s
traj (empty stack)
while true do
traj.push(x)
Vu(X)  ming Qy, (x; a)
a argmin, Q.. (x; @)
v (x) Qv (xa)
8y: By) P3(u(y) V()
B y B(y)
if (B < (v(s v (9)=) then break
x  samplefrom distribution b(y)=B
while not traj.empty() do
x  traj.pop()
Vu(X)  mina Qy, (X; a)
v-(X)  ming Qy. (X; a)

Algorithm  2: Bounded RTDP

(Vu(X)  v:(x)). Third, BRTDP maintains a list of
the stateson the current trajectory, and whenthe tra-
jectory terminates, it does badkups in reverse order
along the stored trajectory. Fourth, simulated trajec-
tories terminate when they read a state that has a
\w ell-known" value, rather than when they read the
goal. We assumethat BRTDP s initialized sothat v,
is an upper bound and v- is a lower bound.

Like RTDP, BRTDP performs badups along sampled
trajectories that begin from s, picking greedy actions
with respectto v-. Unlike RTDP, it biasesaction out-
comestowards less-vell-understood states: it picks an
outcomey in proportion to Pg (vu(y) V- (y)).

The value of the goal state is known to be zero, and
so we assumev,(g) = v-(g) = O initially (and hence
always). This implies that b(g) = 0, and soour trajec-
tories will never actually reach the goal (or any other
state whose value is completely known). So, we end
trajectories when we reach a state whose successors,
on average, have well-known values; more precisely
we look at the expected gap betweenv, and v- for
states reached under the greedy action. The normal-
izing constart B has exactly this interpretation, so
we terminate the trajectory when B is small. We
experimented with various de nitions of \small,” and
found that they have relatively minor impacts on per-
formance. The adaptive criterion givenin Algorithm 2
wasasgood asanything; > 1is a constart (we used
between 10 and 100in our experimens).

The corvergenceproof for BRTDP is very dierent
from that for RTDP. Proving corvergenceof RTDP
relies on the assumption that all states reachable un-
der the greedy policy are badked up in nitely often in
the limit (Bertsekas & Tsitsiklis, 1996). In the face of
densenoise, this implies that corvergencewill require
visiting the full state space. We take corvergenceto
meanvy(s) v-(9) for someerror tolerance , and
BRTDP can adhieve this (given a good initialization)

without visiting the whole state spaceeven in the face
of densenoise. Spaceconstraints preclude a detailed
proof, but the result is based on establishing three
claims: (1) vy, and v- remain upper and lower bounds
onv’, (2) trajectorieshave nite expectedlengths, and
(3) ewery trajectory has a positive probability of in-
creasingv: or decreasingv,.

5. Initialization ~ Assumptions and
Performance Guaran tees

We assumethat at the beginning of planning, the al-
gorithm is given M , including s. As mertioned in Sec-
tion 3, if this is the only information available, then on
arbitrary problemsit may be necessanto considerthe
whole state spaceto prove any performanceguaranee.

LRTDP, HDP, and LAO? can corverge on someprob-
lems without visiting the whole state space. This is
possibleif there existsan E S sudc that someap-
proximately optimal policy hasf (y) > 0 only for
y 2 E, and further, a tight lower bound on s can be
proved by only consideringstatesinside E and possibly
a lower bound provided at initialization. While some
realistic problems have this property, many do not, in-
cluding those with densenoise. The question, then, is
what is the minimal amount of additional information

that might allow corvergenceguararntees while only
visiting a small fraction of S on arbitrary problems.
We proposethat the appropriate assumption is that

an achievable upper bound (v2; ©9) is known; here °©
is a policy, and v? is someupper bound (it need not
be monotone) on v o (and hencev?). Sud a pair is
almost always available trivially , for example, by let-
ting vo(x) Z where Z is some worst-case cost of
system failure, and letting °(x) be the sit-and-wait-
for-help action, or somethingsimilar. Evensud trivial

information may be enoughto allow corvergencewhile
visiting a small fraction of the state space.

It is easiestto seehow to use (v2; ©) via a trans-
formation. Consider M® = (S;A [ f g P;€s,0),
where is a new action that corresponds to switch-
ing to  © and following it inde nitely . This action has
Pyg = 1:0 and costsg(x; ) = vi(x); for all other ac-

tions, P = P ande= c. Weknow v? vo V7,
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and so adding the action does not change the op-
timal values, so solving M © is equivalent to solving
M . Supposewe run BRTDP on M @ but extract the
current upper bound V!, before corvergence;then, v},
need not be monotone for M, though it will be for
M © We shav how to construct a policy for M using
only v}, that achievesthe valuesV),. At a state where
v (X) minaz A Qv (X; @), we play the greedy ac-
tion, and the performance guarantee follows from the
standard monotonicity argumert. Suppose, however,
we reach a state x where v}, (x) < minaza Qu;, (x; ).
Then, it is not immediately clear how to achieve this
value. Howewer, we shawv that in this casev](x) =
vi(x), and so we can switch to ° to achieve the
value. SupposeV}, ! wasthe value function just before
BRTDP baded up x most recertly. Then, BRTDP
assignedv}, (x) Minazap Q. 1(X;a). Since V0 is
monotone (for M °, on which BRTDP is running),
Q. 1(X;a)  Qu (X;a), and sothe only way we could
have v;,(x) < mina2a Qut (x; @) is if the auxiliary ac-
tion achievedthe minimum, implying Vi (x) = v2(x).

Thus, we conclude that via this transformation it is
reasonableto assumeBRTDP is initialized with mono-
tone upper bound, implying that at any point in time
BRTDP can return a stationary policy with provable
performanceguarantees. This policy will be greedyin
M © but may be non-stationary on M asit may fall
badk on ©. This potential non-stationary behavior is
critical to providing a robust suboptimal policy.

6. Exp erimen tal Results

We test BRTDP on two discrete domains. The rst
is the 4-dimensional racetradk domain described in
(Barto et al., 1995; Bonet & Ge ner, 2003b; Bonet
& Ge ner, 2003a;Hansen& Zilberstein, 2001). Prob-
lems (A) and (B) are from this domain, and use the
large-b racetradk map (Bonet & Ge ner, 2003a).
Problem (A) xes a 0.2 probability of getting the zero
accelerationrather than the chosencortrol, similar to
test problemsfrom the above references.Problem (B)
usesthe samemap, but usesa densenoisemodel where
with a 0.01 probability a random acceleration occurs.
Problems (C) and (D) are from a 2D gridworld do-
main, whereactions correspond to selectingtarget cells
within a Euclidean distance of two (giving 13 actions).
Both instancesuse the samemap. In (C), the agert
accidenally targets a state up to a distance 2 from the
desiredtarget state, with probability 0.2. In (D), how-
ever, a random target state (within distance 2 of the
current state) is selectedwith probability 0.01. Note
that problems (A) and (C) have fairly sparsenoise,
while (B) and (D) have densenoise.

Programming
STV [ V(9 [ Vo) | V(9 [ va(9)
A | 21559 29 63 32 23 19
B | 21559 | 1.3e10| 26.9 20.1| 199 | 19.0
C | 6834 | 15283 | 1642 485 176 52
D 6834 7662 | 182.1 | 117.1 | 116.7 | 63.0

Figure 2. Test problem sizesand start-state values.

Figure 2 summarizesthe sizesof the test problems,
as well as the quality of various initializations. The
vV ,(s) column givesthe value of the start state under
policy 4, the greedypolicy for the value function v4 of
the problem'’s deterministic relaxation (seeSection 2).
The v, (s) column givesthe value computed via DS-
MPI. Wealsogive the value of sunder °= greedy(,)
and under the optimal policy, as well as v4(s). Fig-
ure 2 shows that DS-MPI can produce high-quality
upper bounds that have high-quality greedy policies,
despiterunning in only O(jSjlogjSj) time rather than
the O(jSj®) neededto computev .

6.1. Anytime Performance

We compare the anytime performance of BRTDP to
RTDP on the test domains listed in Figure 2, con-
sidering both informed initialization and uninformed
initialization for both algorithms. Informed initializa-
tion meansRTDP hasits value function initially setto
Vg, and BRTDP hasv- setto vq and v, setby running
DS-MPI. For uninformed initialization, RTDP hasits
value function set uniformly to zero,and BRTDP has
v- setto zeroand v, setto 1CP.

Figure 3 givesanytime performancecurvesfor the al-
gorithms on ead of the test problems. We interrupt

ead algorithm at xed intervalsto considerthe quality
of the policy available at that time. Rather than sim-
ply evaluating the current greedy policy, we assume
the executive agert has some limited computational

power and canitself run RTDP on a giveninitial value
function received from the planner. (This assumption
results in a fairer comparison for RTDP, since that

algorithm's greedy policy may be improper.) To eval-
uate a value function v, we placean agen at the start

state, initialize its value function to v, run RTDP until

we reac the goal, and record the cost of the resulting

trajectory. The curvesin Figure 3 are the result of
100 separateruns of ead algorithm, with ead value
function evaluated using 200 repetitions of the above
testing procedure.

BRTDP performs 4 badkups for ead state on the tra-
jectoriesit simulates: oneead onv, andv- onthe way
down, and one ead on the way badk. RTDP performs
only one badkup per sampled state. Becauseof local-
ity, BRTDP has better cache performance and lower
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overheadper badkup, and on the test problemswe ob-
sened 1.5to 3 times more badkups per unit of runtime
than RTDP. Thus, if Figure 3 were re-plotted with
time asthe X -axis, the performanceof BRTDP would
appear even stronger. So, our evaluation has handi-
capped BRTDP in two ways: we compareit to RTDP
in terms of number of updatesrather than CPU time,
and we ewvaluate RTDP-tra jectories rather than sta-
tionary policies, even though stationary policiestaken
from BRTDP have provable guarartees.

Seweral conclusionscan be drawn from the results in
Figure 3. First, appropriate initialization provides sig-
nicant help to both RTDP and BRTDP. Second,
under both typesof initialization, BRTDP often pro-
vides much higher-reward policies than RTDP for a
given number of badkups (especially with a small num-
ber of badkups or with informativ e initialization), and
we never obsened its policiesto be much worse than
RTDP. In particular, on problems(C) and (D) BRTDP
is nearly optimal from the very beginning. This, com-
bined with the fact that BRTDP providesperformance
bounds even for stationary policies, make BRTDP an
attractiv e option for anytime applications.

6.2. O-line Convergence

We compareo -line corvergencetimes for BRTDP to
those of LRTDP and HDP.®> Again, we consider both
informed and uninformed initialization. Informed

SImproved LAO? is very similar to HDP without la-
beling solved states, and (Bonet & Ge ner, 2003a) shows
HDP has generally better performance, so LAO’ was not
consideredin our experiments.

LRTDP and HDP have their value functions initial-
ized to vy, while uninformed initialization sets them
to zero. Time spent computing informed initialization
valuesis not chargedto the algorithms. This time will
be somewhatlonger for BRTDP, asit alsousesan up-
per bound heuristic; however, in our experimerts this
time is dominated by the algorithm runtime.

We evaluate the algorithms by measuringthe time it
takesto nd an -optimal partial policy. For BRTDP,
since we maintain upper and lower bounds, we can
simply terminate when (vy(s) v-(9)) ; we used

= 0:1 in our experiments. As discussedin Sec-
tion 3 we initialized v, to a monotone upper bound,
so the greedy policy with respect to the nal v, will
be within  of optimal. The other tested algorithms
measurecorvergenceby stopping when the max-norm
Bellman error drops belov sometolerance . With-
out further information there is no way to translate
into a bound on policy quality: we canincur an extra
cost of at ead step of our trajectory, but since our
trajectory could have arbitrarily many stepswe could
be arbitrarily suboptimal by the end. To provide an
approximately equivalent stopping criterion, we used
the following heuristic: pick an optimal policy  and
let *?(x) be the expected number of stepsto reac g
from x by following . Then take = ='?(s). This
heuristic yielded = 0:004,0:005, 0:001, and 0:002 for
problems (A) through (D).

As expected, on (B) and (D), the problems with
dense noise, BRTDP signi cantly outperformed the
other algorithms. On (D), uninformed BRTDP is
3.2 times faster than uninformed HDP, and informed
BRTDP is 6.4 times faster than informed HDP. Un-
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Figure 4. CPU time required for convergencewith informed (left) and uninformed (right) initialization of the algorithms.

informed BRTDP outperforms informed HDP on (D)
by a factor of 1.8. More importantly, on (B) and
(D) HDP and LRTDP visit all of S before corver-
gence,while BRTDP does not: for example, on (B),
informed BRTDP visits 28% of S and only brings
vu(x)  v-(x)j for 10% of S. We could make the
performancegap arbitrarily large by adding additional
statesto the MDPs.

7. Conclusions

We have shovn BRTDP paired with DS-MPI is a pow-
erful combination for both oine and anytime appli-
cations. BRTDP can converge quickly when other al-
gorithms cannot, and it canreturn policieswith strong
performance guarartees at any time. In future work
we hope to generalizeDS-MPI and apply it to other
algorithms, aswell as corntinue to dewelop BRTDP.
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