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Abstract

Classi ers that refrain from classi cation in
certain casescan signi cantly reducethe mis-
classi cation cost. Howewer, the parameters
for sudch abstaining classi ers are often set
in a rather ad-hoc manner. We propose a
method to optimally build a specic type of
abstaining binary classi ers using ROC anal-
ysis. These classi ers are built based on
optimization criteria in the following three
models: cost-based,bounded-abstettion and
bounded-improvemert. We demonstrate the
usageand applications of thesemodelsto ef-
fectively reduce misclassi cation cost in real
classi cation systems. The method has been
validated with a ROC building algorithm and
cross-walidation on 15 UCI KDD datasets.

1. Intro duction

In recent years, there has been much work on ROC
analysis (Fawcett, 2003; Flach & Wu, 2003; Provost
& Fawcett, 1998). An advantage of ROC analysisin
madhine learning is that it o ers a exible and robust
framework for evaluating classi er performance with
varying classdistributions or misclassi cation costs.

Abstaining classi ers are classi ers that can refrain
from classi cation in certain casesand are analogous
to a human expert, who in certain casescan say \|

don't know". In many domains (e.g., medical diag-
nosis) such experts are preferred to those who always
make a decisionand are sometimesare wrong.

Machine learning has frequertly usedabstaining clas-
siers (Chow, 1970; Ferri & Hernandez-Orallo, 2004;
Pazzaniet al., 1994; Tortorella, 2000)and alsoasparts
of other techniques (Ferri et al., 2004; Gamberger &
Lavrac, 2000;Lewis & Catlett, 1994). Similarly to the
human expert analogy, the motivation is that sud a
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classi er, when it makes a decision, will perform bet-
ter than a normal classi er. Howevwer, as these classi-
ers are not directly comparable, the comparison is
often limited to coverage{accuracy graphs (Ferri &
Hernandez-Orallo, 2004; Pazzaniet al., 1994).

In our paper, we apply ROC analysisto build an ab-
staining classi er that minimizes the misclassi cation
cost. Our method is based solely on ROC curves
and is independert of the classi ers used. We look
at a particular type of abstaining binary classi ers|
metaclassi ers constructed from two classiers de-
scribed by a singleROC curveland shaw how to select
such classi ers optimally.

The cortribution of the paper is twofold: We de-
ne an abstaining binary classier built as a meta-
classi er and proposethree models of practical rele-
vance: the cost-basedmodel (an extension of (Tor-
torella, 2000)), the bounded-abstenion model, and
the bounded-improvemert model. These models de-
ne the optimization criteria and allow us to compare
binary and abstaining classi ers. Second,we shov how
to practically build an optimal abstaining classi er in
ead of these models using ROC analysis.

The paper is organized as follows: Section 2 presers
the notation and introducesthe ROCCH method. In
Section 3 we introduce the concept of ROC-optimal
abstaining classi ers in three models. In Section 4 we
discusstheir construction. Section5 discusseghe eval-
uation methodology and preseris the experimental re-
sults. In Section 6 we preser related work. Finally,
Section 7 contains the conclusionsand future work.

2. Background and Notation

A binary classi er Cis afunction that assignsa binary
classlabel to an instance, usually testing an instance
with respect to a particular property. We will denote
the classlabels of a binary classi er as\+" and\ "

A ranker R (also known as scoring classi er) is a spe-
cial type of binary classi er that assignsranks to in-
stances. The value of the rank denotesthe likelihood
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that the instanceis \+ " and can be usedto sort in-
stancesfrom the most likely to the leastlikely positive.
A ranker R can be cornverted to a binary classier C
asfollows: 8i : C (i) =+ () R(i)> . Variable
in C denotesparameter (in this casea threshold) that
was usedto construct the classi er.

Abstaining binary classiers A (or abstaining classi-
ers for short) are classi ers that in certain situations
abstain from classi cation. We denote this as assign-
ing athird class\?". Sud non-classi ed instancescan
be classi ed using another (possibly more reliable, but
more expensiwe) classi er or a human domain expert.
This classi cation exceedsthe scope of this paper.

The performance of a binary classier is described
by meansof a2 2-dimensional confusion matrix C.
Rows in C represent actual classlabels, and columns
represen classlabels predicted by the classi er. Ele-
mert C;; represers the number of instancesof class
i classi ed asclassj by the system. For a binary clas-
si er the elemens are called true positives(TP), false
negatives (FN ), false positives (FP), and true nega-
tives(TN) asshown in Table 1a. The sum of TP and
FN is equal to the number of positive instances (P).
Similarly the number of negative instances(N ) equals
FP + TN.

Asymmetrical classi cation problemscan be modelled
by a cost matrix Co with identical meaningsof rows
and columnsasin the confusionmatrix. Elemert Co;;

represens the cost of assigninga classj to an instance
of classi. Most often the cost of correct classi ca-
tion is zero, i.e., Co; = 0. In sudh cases,the matrix
hasonly two non-zerovaluesfor binary classi ers (T a-
ble 1b): c¢,; (cost of misclassifyinga negative instance
asa positive) and c¢;, (cost of misclassifyinga positive
instance asa negative). In fact, such a cost matrix has
only one degreeof freedom, the cost ratio CR = %

Classi ers in a cost-sensitive setup can be character-
ized by the costrcla cost-weighted sum of misclassi-
cations divided by the number of classi ed instances:

re= FN cio+ FP ¢
" TP+FN+FP+ TN

1)

2.1. ROC Analysis

Very briey, a ROC plane has axesranging from 0 to
1 and labeled false positive rate (fp = g = &)

FP+TN
and true positive rate (tp = 4= = = ). Evaluat-
ing a binary classi er C on a dataset producesexactly
one point (fp ;tp ) on the ROC plane. Many classi-
ers (e.g., Bayesianclassi ers) or methods for building
classi ers have parameters that canbe varied to pro-

ducedi erent points on the ROC plane. In particular,

Table 1: Confusion and cost matrices for binary classi ca-
tion. The columns (C) represert classesassignedby the
classi er; the rows (A) represert actual classes.

(a) Confusion matrix C (b) Cost matrix Co

[»] P
P Pp5 C H
A P Pp + AH HC +
G TP [FN | P H
FF TN | N + 0 | c
Co1 0

a singleranker can be usedto e cien tly generatea set
of points on the ROC plane (Fawcett, 2003).

Given a set of points on a ROC plane, the ROC
Convex Hull (ROCCH) method (Provost & Fawcett,
1998) constructs a piecewise-linearconvex down curve
(called ROCCH) fgr : fp 7! tp, having the following
properties: (i) fr(0) = 0, (ii) fr(1) = 1, and (i)
the slope of fr is monotonically non-increasing. We
denote the slope of a point on the ROCCH asf 9.

To nd the classi er that minimizes the misclassi -
cation cost rc, we rewrite Equation (1) as a function
of one variable, FP, calculate the rst derivative (;’Frg
and setit equalto 0. This yields a known equation of

iso-performancelines
N
fR(fp)= R 5 ; )
which shows the optimal slope of the curve given a
certain cost ratio (CR), N negative, and P positive
instances. Similarly to Provost and Fawcett (1998), we

assumethat for any realm > 0there existsat leastone
point (f p ;tp ) on the ROCCH having f3(fp ) = m.

Note that the solution of this equation can be used
to nd a classier that minimizes the misclassi cation
cost for the instancesusedto createthe ROCCH. We
call such a classi er ROC-optimal. Note that it may
not be optimal on other instances. Howeer, if the test-
ing instancesusedto build the ROCCH and the other
instancesare represettativ e, such a ROC-optimal clas-
sier will alsoperform well on other testing sets.

3. ROC-Optimal

Our method builds an ROC-optimal abstaining clas-
sier as a metaclassi er using a ROC curve and the
binary classi ers usedto construct it. A ROC-optimal
classier is dened as described in Sect. 2.1. The
method constructs an abstaining metaclassi er A .
using two binaéy classiers C and C asfollows:

2+ C(X)=+"r"C(xX)=+
A, (=_?2 C(x)= "CMx=+: @
Cx)= ~CX-=

Abstaining Classi er

YFor this paper we assumethat the slope at vertices of a
convex hull takesall values betweenthe slopes of adjacent
line segmerts.
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Each classi er has a corresponding confusion matrix,

(TP ;FN ;FP ;TN ) and (TP ;FN ;FP ;TN ),
which will be usedin the next sections. Classi ers C

and C belongto a family of classiers C, described
by a single ROC curve with FP FP .

Our method is independent of the machine-learning
technique used. However, we require that for any two
points (fp ;tp ), (fp ;tp ) on the ROC curve, with
fp fp , corresponding to C and C , the following
conditions hold:
gi:(C()=+= C@iH=H"
(C@)= ) C(@)= ):

Conditions (4) are the onesused in (Flach & Wu,
2003). These are met in particular if the ROC curve
and C and C are built from a single ranker R (e.g.,
a Bayesianclassi er) with two threshold values and

( ). The advantage is that for sud a classi er,
a simple and e cien t algorithm exists for constructing
a ROC curve (Fawcett, 2003). For arbitrary classi ers
(e.g., rule learners), (4) is generally violated. How-
ever, we obsened that the fraction of instanceswith
C@)=+7rC() = is typically small, and that
applying our method is such casesstill yields good re-
sults. As this is an interesting classof applications, we
plan to elaborate on it asa future work item.

(4)

Given a particular cost matrix and classdistribution

%, the optimal binary classi er can easily be chosen
as a onethat minimizes the misclassi cation cost (1).
Howewer, no such notion exists for abstaining classi-
ers, asthe tradeo between non-classied instances
and the cost is unde ned. Therefore, we proposeand
investigate three di erent criteria and models of opti-
mization: the cost-based.the bounded-abstertion and
the bounded-improvemert model, which we discussin
the following sections. We formulate our goalsas:

Given { A ROC curve generatedusing classi ers
C, such that (4) holds.

{ A Cost matrix Co.

{ Evaluation model E.

A classier A. sudthat A .

in model E.

Find is optimal

3.1. Cost-Based Mo del

In this model, we compare the misclassi cation cost,
rc, incurred by a binary and an abstaining classi-
er. We use an extended 2 3 cost matrix, with

the the third column represeting the cost assaiated
with classifying an instance as \?". Note that this
cost can be di erent for instancesbelongingto di er-

ent classeswhich extendsthe cost matrix introduced
in (Tortorella, 2000).

Table 2: Cost matrix Co for an abstaining classier.
Columns and rows are the sameas in Table 1. The third
column denotesthe abstention class.

D
r P C
a P Pp| * ?
+ 0 Ciz | Ci3
C21 0 Ca3

Having de ned the cost matrix, we use a similar ap-
proach asin Sect.2.1for nding the optimal classi er.
Note that the classi cations madeby C and C arenot
independert. Equation (4) implies that false positives
for C imply false positivesfor C . The similar holds
for falsenegatives,and we canthus formulate (5). The
misclassi cation cost re is de ned usinga 2 3 cost
matrix similarly to (1), with the denominator equalto
the total number of instances.

1

re= ———
N+P

P AL by U AL

C , C disagree, { C , C disagree, +

Ryt [N o ()

FP for both EN for both

Werewrite (5) asafunction of only two variables: FP
and FP , sothat to nd the local minimum we calcu-
late partial derivativesfor these variables. After cal-
culations, setting the derivativesto zero, making sure
that the function hasa local extremum, and replacing
FP and FP with the corresponding rates fp and
fp , we obtain the nal result:

C:
fo(fp)= oo 23(;13

fRap)=

(6)

o|lZz v Z

which, similarly to (2), allowsusto nd fp andfp ,
and corresponding classiers C and C .

This derivation is valid only for metaclassiers (3)
with (4), which implies f p fp and fr(fp)
fr(fp ). As a ROCCH is increasingand convex, its
rst derivative is non-negative and non-increasing,and
we obtain f3(fp) f3(fp) 0. Usingthe2 3
cost matrix theseconditions can be rewritten as:

C21C13+ C23C12) -

(7)

If condition (7) is not met, our derivation is not valid;
however the solution is trivial in this case.

(Co1  C23) ™ (C12 > C13) ™ (Co1Cr2

Theorem 1. If (7) is not met, the classier min-
imizing the misclassi cation cost is a trivial binary
classierla single classier descrited by (2).

Proof. We omit the complete proof for spacereasons
and only briey outline it. First, we have to show that
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for a ROC-optimal abstaining classier f3(fp )
f3(fp) f3(fp) 0, where fp describes the
ROC-optimal binary classier. Second,we have to

show that if (7) is not met, partial derivatives @%“‘

and @@—;3 are positive for fp < fp andfp > fp.
Therefore we concludethat the ROC-optimal classi er
is a binary classi er in this case. O

Equation (7) allows us to determine whether for a
given 2 3 cost matrix Co exists a trivial abstain-
ing classi er minimizing rc, but giveslittle guidanceto
setting parametersin this matrix. For this we consider
two interesting cases: (i) a symmetric casec;3 = Cp3z,

i i C3 — Ca
and (ii) a proportional casec® = 2.

The rst casehas somemisclassi cation cost CR with
identical costsof classifyinginstancesas\?". This case
typically occurs when, for example, the cost incurred
by the human expert to investigate such instancesis
irrespective of their true class. In this case,(7) sim-
plies to the harmonic mean of two misclassi cation
COStS: Ci3 = Cp3 % The second case gives
us the condition ¢;3 S (equivalert to c;3  2).
This caseoccurs if the cost of classifying an evert as
the third classis proportional to the misclassi cation
cost. These simplied equations allow a meaningful
adjustment of parameters c;3 and c,3 for abstaining
classi ers.

To summarize, the ROC-optimal abstaining classi er
in a cost-basedmodel can be found using (6) if (7)
(or the special caseddiscussedbelow) holds on a given
costmatrix. In the opposite case,our derivation is not
valid; however the ROC-optimal classi er is a trivial
binary classier (C = C).

3.2. Bounded Mo dels

In the simulations using a cost-based model (see
Sect. 5.3.1) we noticed that the cost matrix and in
particular cost valuesc;s and cp3 have a large impact
on the number of instancesclassi ed as\?". Therefore
we think that, while the cost-basedmodel can be used
in domains where the 2 3 cost matrix is explicitly
given, it may be dicult to apply in other domains,
where parametersc; s, C;3 would have to be estimated.

To addressthis shortcoming we proposea model that
usesa standard 2 2 cost matrix. In sud a setup, we
calculate the misclassi cation cost per instance actu-
ally classi ed. The motivation is to calculate the cost
only for instancesthe classi er attempts to classify

Using a standard cost equation, (1), with the denomi-
nator TP + FP + FN + TN = (1 k)(N + P), where

k is the fraction of non-classi ed instances,we obtain:

_ 1
T (1 K)(N+P)

1

N+ p (PP
which determine the relationship betweenthe fraction
of classi ed instancesk and the misclassi cation cost
rc as a function of C and C . By putting boundary
constraints on k and rc and trying to optimize rc and
k, respectively, we create two interesting evaluation
models, which we discussbelow.

rc (FP a1+ FN  c12)

(8)
k =

FP )+ (FN FN)) ;

3.2.1. Bounded-Abstention Model

By limiting k to somethreshold value Kmax (K Kmax )
we obtain a model in which the classi er can abstain
for at most a fraction k of instances. In this casethe
optimization criterion is that the classi er should have
the lowest misclassi cation costrc.

This has seweral real-life applications, e.g., in situa-
tions where non-classi ed instanceswill be handled by
a classi er with limited processingspeed (e.g., a hu-
man expert). In sudc cases,assuminga constart ow
of instanceswith speedc and a constart manual pro-

cessingspeedm, m < ¢, we obtain Kmax = %

We rewrite Equations (8) asfunctions of two variables
fp and fp and introduce two auxiliary functions
re(fp ;fp ), expressingthe relative misclassi cation
cost, and k(fp ;fp ), denoting the number of non-
classi ed instances. The minimization goal can be ex-
pressedas follows: Among all pairs (fp ;fp ) that
satisfy k(fp ;fp ) kmax(N + P), nd the onesthat
minimize re(fp ;fp ).

_ _ N fp ca+P(1 fr(fp)) cw
re(fp ifp ) = N+P Kk(ip.fp)
k(fp ;fp)=P (fr(fp) fr(fp)) (9)
+ N(fp fp)

Unfortunately, unlike (6), the Equations (9) for a
bounded-abstenion model have no algebraic solution
in the general case. Therefore we minimize it using
numerical methods.

3.2.2. Bounded-Impr ovement Model

The secondbounded model is when we limit rc to a
threshold value rcmax (rCc  rcmax) and require that
the classi er abstain for the smallest number of in-
stances. Similarly to the previous model, optimiz-
ing this model requiresthe use of numerical methods.
Using the de nitions of k(fp ;fp ) and rc(fp ;fp )
in (9), we expressthe minimization goal as follows:
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Among all pairs (fp ;fp ) suc that rc(fp ;fp)
lCmax, Nd the onesthat minimize k(fp ;fp ).

This model has seeral real-life applications, e.g., in
a medical domain, where given a certain test and its
characteristics (ROC curve) the goal is to reduce the
misclassi cation costto a user-de ned value r cynax al-
lowing for the smallest number of abstertions.

For the evaluation of this model the following remark
is in place. As dierent datasetsyield dierent ROC
curves and misclassi cation costs, we could not usea
constart value of rcqax for all datasets. Instead we
useda fraction costimprovemert f and calculated r c®
as follows: rcmax = (1 f)rc, whererc is the mis-
classi cation cost of the ROC-optimal binary classi er
found using (2).

4. Constructing Abstaining Classi ers

In this section we discusshow to construct an opti-
mal abstaining classi er in the three models. Based
on (Provost & Fawcett, 1998; Tortorella, 2000), in the
cost-basedmodel, the ROC-optimal classi er is always
located on the verticesof the ROCCH. This is intuitiv e
asclassi ers corresponding to two adjacert vertices of
the ROCCH have the sameslopesand the samemis-
classi cation costs as classi ers corresponding to the
line segmen joining these vertices. Howewer, this is
not always the casein the two bounded models we
introducedin Sections3.2.1and 3.2.2.

Theorem 2. In the (i) bounded-abstention and (i)
bounded-improvementmodels, the optimal classi er is
not always located on the vertices of the ROCCH.

Proof. (by courterexample)

(i) Assumethe optimal classi er A . hasits classi ers
C and C located on the vertices of the particular
convex hull (0;0), (0:5;1), (1;1) with ¢c12 = ¢ = 1,
N = P and kmnax < 0:25. In this caseC must be equal

to C (otherwise k  0:25). Therefore,fp = fp =
0:5 and from (9) re(fp ;fp ) = 0:25.
Assumea classier AT hasfp = 05 and fp =

0:5, with a small positive sothat k(fp ;fp ) < 0:25).
In this case (9) simplies to rc(fp ;fp ) = 0:25

ﬁ < 0:25. This contradicts the assumption that
A . is an optimal classier in a bounded-abstertion

model and completesthe proof.

(i) A similar proof can be showvn for a bounded-
improvement model. We omit it for spacereasons. [J

To conclude, vertices on the ROCCH can be usedto
nd a ROC-optimal classier only in the cost-based
model. In the remaining two models,the ROC-optimal

classi er usesarbitrary points on the ROCCH. Such
classi ers, corresponding to points lying on the line
segmen can be constructed using a weighted random
selection of votes of classi ers corresponding to two
adjacent vertices (Fawcett, 2003). However, our pro-
totype usesanother method, which was more stable
and produced lessvariancethan the random selection.

A ROCCH can be considereda function f : 7!
(fp;tp), where 2 T is a set of discrete parameters,
varying which one constructs classi ers C correspond-
ing to dierent points on the ROCCH. In our algo-
rithm we compute an inversefunction f 1 : (fp;tp) 7!
and interpolate it using splineswith a function 71,
de ned for a continuous range of values . Given an
arbitrary point (fp, tp ) on the curve, we use the
function "1 yielding  to construct a classier C

5. Exp eriments

To analyze the performance of our method we tested
it on 15well-known datasetsfrom the UCI KDD (Het-
tich & Bay, 1999) database: breast-cancer ,
breast-w , colic , credit-a , credit-g , diabetes ,
heart-statlog , hepatitis , ionosphere , kr-vs-kp ,
labor , mushroomsick , sonar, and vote .

We tested our method in all three models described
above. In the model 1, the input dataisa2 3 cost
matrix in the symmetric case(c;3 = Cz3). In the model
2, we usea 2 2 cost matrix and k (a fraction of
instancesthat the system does not classify). In the
model 3, the input data isalsoa?2 2 costmatrix and
a fraction f , i.e., a relative costimprovemert over the
optimal binary classi er (de ned as "thay__Cui_ste

r Cb\nary

5.1. Testing Metho dology

The experiment for ead dataset was a two-fold cross-
validation repeated v e times with dierent seedval-
ues for the pseudo-randomgenerator (we used5 2
cv, asit has a low-level Type-I error for signi cance
testing (Dietterich, 1998)). We averagedthe results
for these runs and calculated 95% con dence inter-
vals, shown as error bars on eadt plot. In the cross-
validation, we useda training setto build an abstain-
ing classi er, which wassubsequetly evaluated on the
testing set.

The process of building an abstaining classier is
shovn in Fig. 1. We used another two-fold cross-
validation (n = 2) to construct a ROC curve. The
cross-walidation was executed v e times (m = 5), and
the resulting ROC curveswere averaged(threshold av-
eraging (Fawcett, 2003)) to generatea smooth curve.
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While the method is applicable for any macine learn-
ing algorithm that satis es (4), we useda simple Naive
Bayes classi er as a baseclassi er, corverting it to a

ranker by calculating the prediction ratio §E§+;

Given the ROC curve and the input parameters(cost
matrix and a value k), the program numerically nds
values and describingC and C and the ROC-
optimal classi er (in eadh model). These valueswere
usedto set the thresholdsin a Naive Bayes classi er
built using the ertire training setto create A .

(1) 2x3 cost matrix or
(2) 2x2 cost matrix and fraction k

training

hresholds

Build Abstaining | Classifi
Classifier A a»
A

Binary Classifier

P»| Build Classifier |—

* - algorithm described in the paper

Figure 1: Building an abstaining classier A .

Sud an experiment wasrun for every dataset and ev-
ery combination of input parameters,CR, c;3 (respec-
tively k or f), thus producing multiple plots (one for
ead dataset), multiple series(one for ead costratio),
and multiple points (one for ead value of ¢;3, k or f).

We usedthree valuesof the costratio (CR): 0.5,1and
2, and four di erent valuesof ¢c;3 (rst model), k: 0.1,
0.2, 0.3 and 0.5 (second model), and f: 0.1, 0.2, 0.3
and 0.5 (third model), yielding 180 experiment runs
(15 3 4) for each model. The valuesof CR, ¢;3, k
and f were chosenfrom the range of valuesthe models
are expectedto be usedwith.

We used Bayesian classi er from Weka toolkit (Wit-
ten & Frank, 2000) as a machine-learning method.
For the numerical optimization for bounded modelswe
usedthe Nelder-Mead optimization algorithm (Nedler
& Mead, 1965).

5.2. Results|Cost-Based Mo del

Out of 180 simulations (15 datasets, four values of
13, and three cost values) 152 are signi cantly better
(lower rc) than the corresponding optimal binary clas-
sier (one-sidedpaired t-test with a signi cance level
of 0.95). The optimal binary classi er was the same
Bayesianclassi er with a singlethreshold setusing (2).

The results for a represernativ e dataset are shavn in
Fig. 2. The complete results are showvn in a techni-
cal report (Pietraszek, 2004). The X-axes correspond
to the cost value in a symmetric casec;z = Cy3 (left

ionosphere.arff ionosphere.arff ionosphere.arff

: ] ISR : ¥
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cost value c13=c23 cost value ¢13=c23 fraction instances skipped

Figure 2: Cost-based model: Relative cost improvemert
and fraction of non-classi ed instancesfor a represertativ e
dataset( :CR=05, :CR=1} :CR=2).

and certer panel), and the Y-axes show the relative
costimprovemern (left panel) and the fraction of non-
classi ed instances(center panel). The right panel dis-
plays the relationship betweenthe fraction of skipped
instancesand the overall costimprovemert. Horizon-
tal error bars shov 95% con dence intervals for the
fraction of non-classi ed instances,only indirectly de-
termined by c;3.

We clearly obsene that lower misclassi cation costs
C13 = Cp3 result in a higher number of instancesbeing
classi ed as\?" and higher relative costimprovemert.
Moreover, an almost linear relationship exists between
the fraction of non-classi ed instancesand the relative
costimprovemert (right panel).

5.3. Results|Bounded Mo dels

5.3.1. Bounded-Abstention Model

Out of 180simulations (15 datasets,four valuesof frac-
tions of non-classi ed instancesand three cost values)
179 have signi cantly lower rc than the corresponding
optimal binary classi er (one-sidedpaired t-test with
a signi cance level of 0.95). The optimal binary clas-
si er is a Bayesianclassi er with a single threshold.

We alsoobsenedthat in most caseshe resulting clas-
si er classi ed the desiredfraction of instancesas the
third class; the mean of the relative di erence of k
(Tk) for all runsis 0.078( = 0:19). This is particu-
larly important asit is only indirectly determined by
the two thresholds the algorithm calculates.

The results for a represenativ e dataset are shawvn in
Fig. 3. The X-axescorrespond to the actual fraction of
non-classi ed instancesand the Y-axes show the rela-
tive cost improvemert (left panel) and the misclassi-
cation cost (right panel). The left panel shows the
relative costimprovemert asa function of the fraction
of instances handled by operator k. In general, the
higher the values of k, the higher the cost improve-
ment; for 8 datasets, namely: breast-w , credit-a ,
credit-g , diabetes , heart-statlog , ionosphere
kr-vs-kp and sonar, we can obsene an almost lin-
ear dependencebetween these variables. The right
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panel shows the same data with the absolute values
of rc. The dashedarrows show the di erence between
an optimal binary classi er and an abstaining one.
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Figure 3: Bounded-abstertion model: Relative cost im-
provemert and the absolute cost for one represertativ e
dataset( :CR=05, :CR=1,} :CR=2).

5.3.2. Bounded-Impr ovement Model

This modelis in fact the inverseof the previous model,
and thus we expected very similar results. The results
for a represenativ e dataset are shavn in Fig. 4. The
X-axes correspond to relative cost improvemert (left
panel) and the misclassi cation cost (right panel). The
Y-axes show the actual fraction of non-classied in-
stances.

The left panel shaws the fraction of instanceshandled
by the operator as a function of the actual misclas-
si cation cost. It is interesting to compare the ac-
tual relative costimprovemert f and the assumedone
(0.1, 0.2, 0.3, 0.5), as the former is only indirectly
determined through two thresholds determined by the
performanceon the training set. The meanof the rela-
tive di erence of f (<) for all runsis 0.31( = 1:18).
The positive value of the mean shows that the system
has, on average,a lower misclassi cation costthan re-
quired. Note that this value is higher than the corre-
sponding di erence in the previous model. We con-
clude that this model is more sensitive to parame-
ter changesthan the previous one. The right panel
shows the samedata with the X-axis viewed as abso-
lute valuesof costs. In addition the horizontal arrows
(dashed) indicate the absolute values for the optimal
binary classi er and the desiredcost at the head of an
arrow.
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Figure 4: Bounded-improvemert model: Fraction of non-

classi ed instances for a represertativ e dataset ( : CR =
05 :CR=1} :CR=2).

6. Related Work

Classi ers with reject rules were rst investigated
by Chow (1970) and further dewveloped by Tortorella
(2000). The latter usesROC analysisin a model corre-
sponding to our cost-basedmodel in a more restrictiv e
setup(ci3 = Cp3). Our work extendsthis model further
and shaows conditions, under which a non-trivial ab-
staining classi er exists. We alsoproposetwo bounded
models with other optimization criteria.

Cautious classi ers (Ferri & Hernandez-Orallo, 2004)
proposeabstaining classi ers with a classbias K and
an abstertion window w, which make them similar
to our secondevaluation model, where an abstertion
window is de ned. Howewer, although for w = 0
abstertion is zero and the classi er abstains for ap-
proximately all instancesfor w = 1, the relationship
between w and the abstertion is neither cortinuous
nor linear (Ferri & Hernandez-Orallo, 2004). There-
fore our model cannot be compared easily with cau-
tious classi ers. Similarly, cautious classi ers require
calibrated probabilities assignedto instances (other-
wise the classbias might be di cult to interpret). In
cortrast our model, if used with a scoring classi er,
usesonly information about the ordering of instances,
not the absolute values of probabilities. This makes
our model more general. On the other hand, cautious
classi ers are more generalin the sensethat they can
be usedwith a multi-class classi cation, whereasour
model is basedon ROC analysisand is only applicable
to two-classclassi cation problems.

Delegating classi ers (Ferri et al., 2004) usea cascad-
ing model, in which classi ers at every level classify
only a certain percertage of the instances. In this way
every classi er, except for the last one is a cautious
classier. The authors presert their results with an
iterativ e system, usingup to n 1 cautious classi ers.

Pazzaniet al. (1994) shoved how di erent learning al-
gorithms can be modi ed to increaseaccuracy at the
cost of not classifying someof the instances,thus cre-
ating an abstaining classi er. Howewer, this approac
doesnot selectthe optimal classi er, is cost-insensitive
and speci ¢ to the algorithms used.

Con rmation rule sets (Gamberger & Lavrac, 2000)
are another example of classi ers that may abstain
from classi cation. Con rmation rule setsusea special
set of highly specic classi cation rules. The results
of the classi cation (and whether the classi er makes
the classi cation at all) depend on the number of rules
that red. Similarly to the previous approad, the au-
thors do not maximize the accuracy
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7. Conclusions and Future Work

We proposeda method to build the ROC-optimal ab-
staining classi er using ROC analysis. Such a clas-
si er minimizes the misclassi cation cost on instances
usedto build the ROC curve. It alsohasa low misclas-
si cation cost on other datasetsfrom the samepopu-
lation asthe oneusedto build the curve.

We de ned the misclassi cation cost in three mod-
els: A cost-basedmodel, a bounded-abstertion and
bounded-improvemen models, which are relevant for
numerous practical applications. In the rst model,
we useda 2 3 cost matrix, showved the conditions
under which the abstaining classi er has a non-trivial
minimum cost, and preseried a simple analytical solu-
tion. In the bounded model, we shoved how to build
the abstaining classi er assumingthat no more than
a fraction kpay Of instancesis classi ed as the third
class. Finally, in the third model, we shaved how to
build an abstaining classi er having a misclassi cation
cost that is no greater than a user-de ned value. In
the latter two models, we rede ned the problem as
a numerical optimization problem. We preseried an
implemenrtation and veried our method in all three
models on a variety of UCI datasets.

As future work, we intend to extend our experiments
to include other machine-learning algorithms. We will
also analyze the performance of our method for algo-
rithms for which (4) doesnot hold. We plan to inves-
tigate the corvexity of ROC curvesand how to apply
our method e cien tly in real-world applications, also
with multi-class classi cation.
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