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Abstract

When the transition probabilities and re-
wards of a Markov DecisionProcessare spec-
i ed exactly, the problem can be solved with-
out any interaction with the environment.
When no sucdh speci cation is available, the
agert's only recourseis a long and potentially
dangerousexploration. We present a frame-
work which allows the expert to specify im-
precise knowledge of transition probabilities
in terms of stochastic dominanceconstraints.
Our algorithm can be usedto nd optimal
policies for qualitativ ely speci ed problems,
or, when no sud solution is available, to de-
creasethe required amount of exploration.
The algorithm's behavior is demonstratedon
simulations of two classic problems: moun-
tain car ascen and cart pole balancing.

1. Intro duction

When a Markov Decision Process(MDP) is speci ed
precisely by the domain expert, no exploration of the
ervironment is necessary Algorithms such as policy
iteration and value iteration (Sutton & Barto, 1998)
can be usedto compute the optimal solution, which
may be subsequetly applied online. Unfortunately,
in many domains it is unrealistic to expect that an
expert will be able to come up with precise system
dynamics. In such domains, an agert canresort to re-
inforcemen learning (RL) to exploreits ervironment.
Howevwer, extensive exploration can be undesirable for
the following reasons:it is time-consuming, expensive
(in terms of wear and tear on the robotic equipmert),
and perilous when the agert choosesto explore dan-
gerous states (e.g., nuclear reactor meltdown for an
agert controlling a nuclear plant or car going o the
road for a car-driving agert. Abbeeland Ng also de-
scribe a helicopter crash which occurred during overly
aggressie exploration(Abb eel & Ng, 2005)).
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More importantly, the agert may nd itself in new
states when interacting with the world which were
never encountered during learning (this is an especially
common problem in cortin uous ervironments). Con-
sider, for example, a car driving agert which drives
o the road becauseit is going too fast while taking
aturn. Evenif the agert learnsthat the optimal pol-
icy in this situation is to slow down, it will repeat the
same mistake when taking a similar turn at an even
faster speed. This inability of the agert to transfer
acquired information between states doesnot just in-
creasethe amount of exploration required to learn a
good policy - it also prevents the agert from acting
optimally in parts of the environment unseenduring
the learning stage (a car driving agert that learnsto
drive on small hills may have trouble after beingtrans-
ferred to a mountainous terrain, eventhough the same

principles apply).

Notice that, in the above example, simple qualitativ e
statemerts about the domain of the sort: \a higher
mountain is moredi cult to climb than alower moun-
tain”, or\a turn is easierto take at a lower speed" may
be su cien t to facilitate the kind of reasoningneeded
to generalizethe learning experience and enable the
agert to solve the problem without resorting to ex-
tensive exploration. However, these statemerts can-
not be expressedin the language of MDP transition
probabilities, and can newver be fully acquired through
reinforcemen learning unlessone seesevery mountain
in the world (some of which may be too dangerousto
climb).

In this paper, we introduce a framework which al-
lows the expert to specify a set of comparative state-
ments about the domain. This qualitativ e description
of the problem is satised by multiple quartitativ e
worlds, with ead world describingan MDP with com-
pletely specied transition probabilities and rewards.
We presert an algorithm which, given such a qualita-
tiv e description, returns a set of policies guaranteed to
cortain the optimal policy for every possiblequartita-
tive instantiation of the description. As an example,
we apply our algorithm to the well-known problem of
driving a car up a steep mountain (Sutton & Barto,
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1998), with the caveat that the output of the car's en-
gine is corrupted by arbitrary bounded stochastic noise.
Sincethe optimal policy dependson the enginepower,
our algorithm can be viewed as a tool for examining
the sensitivity of the optimal policy to noise. We also
apply the algorithm to another well-studied problem,
that of balancing a pole on a cart (Sutton & Barto,
1998), under a similar assumption that the power of
the cart's engineis uncertain.

Our algorithm allows MDP designersto obtain opti-
mal solutions to problems without having to provide
completely quanti ed speci cations if the set of poli-
ciesit returns is small enoughto achieve good behav-
ior in most states. If that is not the case,we presen
a variant of the algorithm which, given a qualitativ e
description of the problem, combines it with limited
exploration to discover the optimal policy much faster
than traditional reinforcemen learning, and the policy
that it discoversis more broadly applicable.

The rest of the paper is organized as follows: we
describe related work in Section 2. In Section 3,
we describe the variant of MDPs which we study.
In Sections4 and 5, our framework of qualitativ e
MDPs (QMDP) and qualitativ e reinforcemen learn-
ing (QRL) is described. Experimerts are preseried in
Section 6, followed by conclusionsin Section 7.

2. Related Work

Qualitative Markov Decision Processeshave been
studied by Bonet and Pearl (Bonet & Pearl, 2002)and
Sabbadin (Sabbadin, 1999). Bonet's study is purely
theoretical, Sabbadin describes an application of his
algorithm to a 3 3 gridworld. By cortrast, we de-
scribe experiments with our algorithm on much more
realistic problems which are an order of magnitude
bigger than the 3 3 gridworld. More importantly,
there is no clear connection betweenqualitativ e repre-
sertations of MDPs proposedin thesetwo papers and
guartitativ e probabilities which can be estimated via
empirical interaction with the ervironment. For this
reason,neither study attempts to combine the qualita-
tive problem description with quartitativ e exploration.
In our approad, qualitativ e statemerts have a clear
probabilistic interpretation, which enablesus to con-
struct sud a combination.

Seweral ways of limiting exploration in reinforcemen
learning with prior knowledge have been proposed.
Shaping (Ng et al., 1999; Laud & DeJong, 2003) at-
tempts to direct the agert to explore regions which
are likely to lead to good solutions by modifying the
reward function. Howewer, it may bedi cult to deter-

mine a-priori which stateswill ultimately leadto good
solutions and which should not be explored. Appren-
ticeship learning (Abb eel & Ng, 2005; Abbeel & Ng,
2004)is a framework in which an agen learnsthe ex-
pert's reward function by observing his demonstrated
behavior, thus avoiding direct interaction with the en-
vironment. The advantage of our approad is that our
model of prior knowledgeonly requires specifying how
the world works, not how to exploreit. It may be used
in domainswherethe expert haspertinent information
about the world dynamics, but doesnot know how to
solve the problem.

An alternative approac to dealing with uncertainty
in the speci cation of MDPs without resorting to ex-
ploration is the minimax robustnessframework (see
e.g.,(Givanet al., 2000)). In this framework, the agert
is also preserted with a description of the world which
corresponds to a set of completely specied MDPs.
The agent's goal is to selectthe best optimal policy,
knowing that for any policy the agen selects,adver-
sarial nature will choosethe worst possible world in
which to evaluate it. In our framework, on the other
hand, the agernt seeksa set of policies which contains
the optimal onefor every possiblecompletely speci ed
MDP.

3. Preliminaries

Instead of regular Markov Decision Processesin what

follows we use a variant of MDPs in which the agert

is only interestedin the nearestreward. A reward re-
ceived later is foresalen for any probability of receiving
any reward earlier, and bigger expected rewards are
preferredto smaller rewards received at the sametime.

Ties betweenrewards to be received after n stepsare
broken by looking at rewards to be received after n+ 1
steps, onceagain preferring bigger rewards to smaller,
and soon, up to N stepsahead. We will refer to this

MDP asMyopic MDP becauseof its strong preference
for receiving rewards sooner. In Section 6, we presert

experimental evidencethat this variant givesreason-
able policies for cortrol problems.

In order to formalize this paradigm, we usethe frame-
work of generalized Markov Decision Processes. A
generalized nite Markov Decision Processis a tu-
ple (S;A; P;R; ; ;Next), whereS is a nite set of
states, A is a nite set of actions, R is a reward func-
tion, P : SYSxA ! [0;1] is a transition probability
function, Next : SXA ! S is a set of states reacth-
able with nonzeroprobability in one step after taking
action a 2 A in state s 2 S, a summary operator

de nes the value of transitions basedon the value of
the successorstates, and a summary operator  de-
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nes the value of a state based on the values of all
state-action pairs. These operators are usedto de ne
the generalizedform of Bellman's equation as follows:
for eadh state s, the optimal value function V (s) =
[H[KV 1I(s), where[K V](s;a) = R(s;a)+ S5V (s9

SO

andHVI(9) = (K Vi(s;a). Setting % g(s) =

oP(sYs;a)g(s) and P (s;a) = max,f (s;a)
recovers the convertional MDP formulation with the
discourt factor 2 (0;1). In our myopic framework,
on the other hand, the value function V (s) for a xed
policy : S ! A is a N-dimensional vector, with
eath componert V ;i 2 1;:; N represeiing the ex-
pected positive reward the agert will receive i steps
after starting out in state s and following . Sim-
ilarly, the reward R(s;a) = [r(s;a);0;0;::;0] is a re-
ward vector indicating that reward r(s;a) 0 is re-
ceived for choosing action a in state s. The summary
operators are de ned to facilitate correct propagation
of rewards:  $™g(s9) = o P(sYs;a)[0; g(sI] prop-
agatesrewards back from the successoistates. Before
we de ne the  operator, we needto imposean order
relation on the valuesof states. This is done with the
following de nition:

Deniton 3.1. LetU 2 R" andV 2 R" be two

componentwise non-negative n-dimensional vectors.
Letf (U;V)= min i

i:Ui>v; Oor Vi>U; 0

be the smallest component, the value of whichis strictly

greater in one of the vectors than in the other one.

Thendene U V , f(f exists)” (U < V;));
U=V, f doesnotexist,tandU V, fu V _
U=Vg

This order instantiates the myopic comparison of val-
uesof two actions. If U(s) and V (s) represent the val-
ues of two policies executedin s, then f (U(s); V(S))
is the rst time step in which expected rewards of
following U and V dier, and prefers the policy
with larger reward in this time step. It can be ver-
ied that is a total order, which means that a
maximum is well-de ned for any nite set of vec-
tors. We take the  operator to be this maximum:
) (s;a) = max, f (s;a).

The optimal value function V (s) which satis es Bell-
man's equation can be computed policy iteration,
which consists of policy evaluation (which computes
Vi*l(s) = [KV!(s; (s)) for a xed policy ) in-
terleaved with policy improvemert, which updates
Vil(s) = [HV'](s). The following theorem shows

IN is the horizon of the MDP. All of our results assume
that N is large enough and still hold asN ! 1.

that for the Myopic MDP, policy evaluation and pol-
icy iteration converge:

Theorem 3.2. For the Myopic MDP, there is a
unique optimal value function V  which satis es the
myopic Bellman's equation. Policy iteration converges
to V . Moreover, for any xed policy , there is
a unigue optimal value function V  which satis es
V = KV , and policy evaluation convemgesto V .

Proof. (sketch) The proof is basedon shaving equiv-
alencebetweenthe Myopic MDP policy iteration and
policy iteration for a corvertional MDP with su -

ciertly low discourt factor See the full paper
(Epshteyn & DeJong, 2006)for complete proofs of the-
oremsin this paper. O

In order to model qualitative knowledge, we rely on
the notion of rst-order stochastic dominance(Shaked
& Sharthikumar, 1994), de ned as:

De nition  3.3. Let G = fgi;:::;0,9 be a support set
for probability distributions P; and P,. Let O be a
partial order relation on G andde ne O(y) = fx2 G :
yOxg to be the set of elementsof G at least as gaod as
y according to O (similarly, O(y) = fx 2 G : xOyg is
the set of elementsno better than y according to O).

We say that P; stochastically dominates P, with re-
spect to @ if 8y 2 G, P1(O(y))  P2(O(y)) where
P(S) = 4,5 P(s) is the probability of a set. If, in
addition, 9z 2 G : P1(0O(z)) > P,(0(z)), we say that
P, strictly stochastically dominates P, with respect to
O (e.g., using for O gives rst-or der stochastic dom-
inance on the real line).

4. Qualitativ e MDP

The policy evaluation step of the policy iteration algo-
rithm for Myopic MDPs hasthe following usefulmono-
tonicity property:

Lemma 4.1. SupwmseV® = 0. Lets; and s, be any
two states. If Vi(s;) V!(sy), then for all subsguent
iterations g > t of policy evaluation, V9(s;) V9(s).

Proof. (sketch): By induction ont, for any s and for
any j t, Vi'(s) (the componert of V'(s) which rep-
resers the discourted expected reward received af-
ter j steps) does not change after stept . More-
over, V'(s) = Oforany j > t. If Vi(s1) V'(sp),
then by Denition 3.1 9f : (V{(s1) = V{(s2);8f <
f )™V (s1) < V' (s2)). SinceVj'(sy) = 0O for any
j>t f t. O
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Increasing VaV.

States S

Figure 1. Mountain Car Domain

Lemma 4.1 suggestsa qualitativ e policy iteration algo-
rithm which only keepstrack of the ordering of values
of states, but not the values themseles, and, simi-
larly, only requires the ordering of rewards as an in-
put instead of the actual values. The pseudaode for
the algorithm is given in Figure 2 . The key distinc-
tion between this algorithm and corventional policy
iteration is that it works with pairs of states rather
than single states. In ead iteration, it updates the
ordering between ewery pair of states based on new
ordering information received from the previous itera-
tion. In doing so, it relieson the domain oracle which,
given an ordering of states s 2 [ 2, Next(si; &), re-
turns '<' if P(sYs;;a;) strictly stochastically domi-
nates P (sYs;; ay) with respect to the given ordering
and'>" if P(sYsy; a,) strictly stochastically dominates
P(sY%s1;a;1). The domain oracle can also indicate that
neither [state, action] pair stochastically dominatesthe
other one (or that it lacks knowledgeto indicate dom-
inance) by returning the unknown indicator '?'. If
P(sYsz;ay) and P(sYs;;a;) stochastically dominate
ead other, the oracle returns '=".  Similarly, the re-
ward oracle returns '< (>; =)' if r(s;;a) < (> =
)r(s2;a2). While a domain oracle may seemhard to
construct, we will demonstrate such oraclesfor two re-
alistic corntrol problemsin Section 6. An example of
a domain oracle in action is shavn in Figure 1. It
shows a car ascendinga mountain, in two positions,
one higher and one lower, moving with the sameve-
locity. A possibleordering of next states appears as
well, with states higher up the mountain being more
valuable. With respect to this ordering, the car in
the lower position on the mountain s, haslessof a
chanceof reaching more valuable statesthan the carin
Shigh and, therefore, P (s‘ﬁshig h) stochastically domi-
natesP (s9sjow) for any policy

SameOrder (Ora cle ;Order;s;;Sz; 1; 2)

Input: ProcedureOra cle , Order on S, Statess; 2
S;s; 2 S, Setsof actions  1; >

Output: order 2 f% 00> 0.0=0090g

1. if Ora cle (Order;s;;as;sy;ay) returns the same
valueorder for all pairsofactionsa;;a, 2 1 >

2. then return order

3. else return '?'

Policy Evalua tion (Set of policies )
1. 0
2. for all pairs of statess;;s,2S S

3. do Step.Order SameOrder  (Re-
ward _Ora cle ,?; s1;S2; ( S1); ( S2))

4. repeat

5. for all pairs of statess;;s,2S S

6 do order SameOrder (Ora cle

Step_Order ,s1,5, ( S1), ( S2))

7. Step_Order *1 (s;;s,)  order

8. if Order(sy;sy) =%=°

9 then Order(s;;s;) order

10. i j+1
11. until Order stops changing
12. return Order

Policy Impr ovement (Order on S)

1. for all statess2 S

2 do bestactions ?

3. for all actions a;a’2 Axbestactions

4 do if Ora cle (Order;s;a;s;a% =%9

5 then bestactions

fbestactions [ faggnfa’y

if Ora cle (Order;s;a;s;a% =%°

7. then bestactions

bestactions [ fag

o

8. (s) ?

9. for all actions a2 bestactions
10. do (9 (s)[ fag

11. return

Policy ltera tion ()

1. Selectarbitrary initial policy

2. 8statess2S:(s) f (s)g

3. repeat

4. Order Policy Evalua tion ()
5. Policy Impr ovement (Order)
6. until stops changing

Figure 2. Qualitativ e Policy Iteration Algorithm

Qualitativ e policy iteration is analogousto corven-
tional policy iteration, with Order replacing the value
function, and a set of deterministic candidate policies

playing the role of the optimal policy. :S! 2A
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is represenied as a mapping from statesto setsof ac-
tions, with ead action a 2 ( s) being possibly op-
timal in somequartitativ e instantiation of the quali-
tative MDP. The following theorem states that, when
the qualitativ e policy iteration algorithm terminates,
the optimal policy for any quantitativ e MDP consis-
tent with the qualitative domain theory is contained
in the returned candidate set of policies :

Theorem 4.2. If qualitative policy iteration is exe-
cuted in parallel with myopic policy iteration on any
guantitative MDP consistent with the domain theory,
at the end of iteration t, the candidate policy set
contains the policy returned by the conventional policy
iteration algorithm at the end of t.

Proof. (sketch) For a xed policy , the ordering of
values Order at iteration i of qualitativ e policy evalu-
ation correspondsto the ordering of values of Myopic
policy iteration at i (accordingto ). This can be
seenby induction, with the base casegiven by the
ordering of rewards, and the inductive step implied
by Lemma 4.1 and the fact that, for any nonnegative
monotonically inq5easing function VF(SO) with respect
to orderOons’  Pi(sOV(s) < o P2(sOV(sY if
P, strictly stochastically dominatesP; with respectto
O. This last fact also implies that qualitativ e policy
improvemen doesnot eliminate the policy chosenby
conventional policy iteration. O

Thus, the set of candidate policies returned by the
algorithm on termination is guaranteed to contain the
optimal policy.

5. Qualitativ e RL

When the set of returned policies is too large to be
useful for the states of interest, an alternative is to
combine qualitativ e speci cation of the problem with
guarntitativ e probability estimation. This is possible
becausestochastic dominance constraints have a pre-
ciseprobabilistic interpretation which can be useful for
transferring knowledge between states via estimated
probabilities. Consider the mountain car example in
Figure 1. A priori, we may have reasonto believe that
all the statesin SO are reachable from either s;o, OF
Shigh becausethe uncertainty in the power range is
large enoughto allow all of thesetransitions. Suppose
howevwer, that the agert discoversthrough experimen-
tation that the highest state in S° is not reachable
from shign. Since we know that P(sYshign) stochas-
tically dominates P (sYsjow), it follows directly from
the de nition of stochastic dominance that it is not
possibleto reach that same highest state from sjqy .
Thus, the probability distribution of this, previously

Pr opagate (order; s1;a;;s2; az)

Input: order 2 f%%0>00=000 Statess; 2 S;s, 2
S, Actions a; 2 A;ja, 2 A

1. switc h order

2 case '<"

3 Y fy2 S:B(Order(y)jsy; az) = 0g

4 i 1

5 case '>"

6. Y fy2S:B(Order(y)jsi;ai)) = Og

7 i 2

8 default : vy ?

9. forall y2YVY

10. do B(yjsi;a) O

11.

Next(si;a) Next(si;a)nfyg

Qual Estima tion (Observed;Order)

Input: Set of Observed transitions [s;a], Order on S

1. for all pairs of statess;;s,2S S

2 do for all pairsofactionsa;a, 2 ( s1) ( S2)

3. do order Ora cle (Order; s1;a1;5s2;az)

4 if [sz;a2] 2 Observed » [sp;a1] 2
Observed

5. then Pr opagate (order;s;; a;; Sp; a2)

Figure 3. Qualitativ e Estimation Procedure

unseentransition can be updated with this new piece
of knowledge. The following proposition summarizes
the inferenceswhich canbe madeabout unknown tran-

sition probabilities basedon stochastic dominancecon-
straints:

Prop osition 5.1. Let Py(s) stochastically dominate
P> (s) with respect to someorder O. Then if, for some
y, P1(O(y)) = 0, then P,(y) = 0. If, for somey,
P2(Q(y)) = 0, then Py(y) = 0.

Proof. The rst statement follows immediately from
De nition 3.3. The secondstatemert follows from the
rst and the fact that if P,(s) stochastically dominates
P»(s) with respect to O, then reversing the order O
results in P,(s) stochastically dominating P1(s) with
respect to reversedO . O

This obsenation leadsto the following estimation pro-
cedure: suppose that the agert has acquired esti-
mates Ib(s‘is;a) of probabilities of some transitions
[s; @] through interaction with the ervironment. Then
the estimation algorithm preseried in Figure 3 per-
forms probability estimation basedon Proposition 5.1.
This algorithm is interleaved with the steps of quali-
tativ e policy ewvaluation (shown in Figure 2).
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6. Exp eriments

Two well-known domains were usedto test the quali-
tative MDP algorithm: mountain car ascen and cart
pole balancing. In the mountain-car task, the problem
is to drive a car up a steepmountain (seeFigure 1).
The optimal policy dependson the power of the car's
engine. If the engineis powerful enoughto overcome
gravity and drive the car up the slope to its goal, the
optimal policy is to move towards the goal. Other-
wise, the optimal policy is to move away from the goal
up the opposite slope, and then apply full throttle to
move towards the goal with the help of built-up iner-
tia?. The agert received a reward of 1 upon reading
the goal. The task in the cart-pole problem is to bal-
ancea pole on a moving cart®. The reward of winding
up in state s was set to cos ((s?) to encourageac-
tions which keepthe pole as upright as possible. In
both problems, actions which moved the agen out of
bounds of the state spacewere disallowed.

The mountain car problem exhibits delayed rewards,
while in the cart-pole problem rewards are immediate.
Both of these problems represent a physical system
which keepstrack of its continuousstate z' = [z}; ;2]
at time t through the update equations z!*! =
[To(F;2Y); 5 Te(F ;5 2h); Tee (2825 Ta(2Y)] which de-
ne the system's behavior under the in uence of the
input force F. In the simulation, the state spaceis
discretized, with the boundary of the grid cell for eath
discrete state s given by [s;i;Si];i 2 f1;:;;ng. The dy-
namics of the systemare simulated by picking a char-
acteristic position z = Z(s) in ead grid cell s and
simulating ead action from this position.

2The dynamics of car motion in terms of its position x;
and velocity x; are given by the following equations:

Xte1 = Xt + Xi+1 5 Xg41 = Xt + Far  Gcos(3xt), where
F is the amount of force applied by the engine, G is the
pull of gravity, and a; 2 f+1 (full throttle forward), 1
(full throttle reverse), and O (zero throttle) g is the action.
We used G = 1 in our experiments. The state spacewas
discretized by an 11 21 grid in the bounds 1:2 x
0:5; 0:.07 x 0:07.

3The state in the cart-p ole problem is described by the
angle betweenthe pole and the vertical , the velocity of
the cart he, and the velocity of the pole «. The update
equations are:

o = gsin t+cos [ Fai mplf sin iJ=(metmp) g

t = 4=3 mp cos2( )=(Mc+ mp)l v
Fag+mpl[-Zsin °t Cos

" [rr?c+m,; O s = he+ R, e = 0t 4y
++1 = —+ °, with gravity g= 9:8, cart massm. = 1, pole

massmp = 0:1, distance from certer of massof the pole to
the pivot | = 0:5, time step = 0:02, and F is the force,

ar 2 1;1 is the action. The state spacewas discretized
into an 8 8 8 grid in the range 1:15 h  1:15
0:21 021, 2 —- 2

Qualitativ e MDP can be usedto capture the situation
whenthe engine'spower is corrupted by unknown, but
bounded noise. The power is modeled by a stochastic
variable, distributed accordingto someunknown prob-
ability density function (pdf) with known support in-
terval [11;12] on which the pdf is strictly positive. We
will shonv how to construct the domain oracle auto-
matically under the assumption that the dynamics of
the systemare speci ed by invertible functions of the
input force F, T;(F;z);i = 1;::;k and constart func-
tions of F T;(z!);i = k+ 1;::;;n. Both the mountain car
and the cart-pole dynamics can be expressedn terms
of such functions (see(Epshteyn & DeJong, 2006)).

For any [s;a;s” tuple, we can determine the range
of forces ( sYs;a) under which applying action a
in state s transitions the system to s° by invert-
ing the transition dynamics as follows: ( sYs;a) =
VIS T Y% Z(9)5 Ty H(SDZ(SNIN [ 15] iF 81 2 Fk+
1;:5ng; Ti(Z(s)) 2 [s% §3] (assumingmonotonically in-
creasingT;(F;z'), bounds are reversedfor monotoni-
cally decreasingT; (F;z!)).

In order to handle sets of states S° we de ne
( SYs;a) = [ soos0 ( sYs;a) asthe set of forcesunder
which applying action a in s transitions the systemto
one of the states s°2 S° The next proposition states
that stochastic dominance of probability distributions
can be determined by cheding the subsetrelationship
for rangesof forces:

Prop osition 6.1. Let O(y) \ Next(s;a) denote the
set of next states for the transition [s;a] which are
at least as gaod as y with respct to order O. |If
8y 2 S; ( O(y)\ Next(ss1;a1)jsi;a1) ( O(y) \
N ext(sy; a)jsz; a2), then P(sYs,;ay) stochastically
dominates P (sYsi;a;). Strict stochastic dominance
holds when the subsetis proper for somey.

Proof. By property of probability, A B ) P(A)
P(B),andA B [l1;l2]) P(A) < P(B) by strict
positivity of P(x) on its support interval. O

In the rst set of experimerts, qualitative policy it-
eration was applied to a mountain car problem with
the set of possible next state transitions constructed
basedon the power support interval [0:15 r;0:15+ r]
around the force F = 0:15. This power is insu cien t
to overcomethe force of gravity, sothe optimal pol-
icy has to move the car up the opposite slope rst.
Results are presented in Figure 4-(a), which compares
the valuesof the random policy, the optimal policy for
F = 0:15 for the convertional discourted MDP (with
the discourt factor = 0:9), the optimal policy for the
sameF for the Myopic MDP, and the set of policies
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Figure 4. Performance of Qualitativ e Policies for
Mountain-Car Task. Plot of expected value of the
policy versusthe upper bound 1, of the power support.

computed via qualitativ e policy iteration. The ex-
pected value of eat evaluated policy was measured
by the expected discourted return (with discourt fac-
tor = 0:9) an agert would receiwe by randomly se-
lecting a starting state s and following thereafter.
Set of policies was ewvaluated by choosing actions
uniformly at random from ( s) in ead state s. Quali-
tativ e policy iteration was evaluated on the increasing
range r of the support interval. The policy degrades
with increasingly noisy poweras becomesvery large.
For a wide range of power support intervals, the qual-
itativ e policy performs much better than random and,
as the uncertainty interval decreasesijts performance
approades that of the optimal MDP policy. Notice
that for large power support sets, the qualitativ e pol-
icy (which is correct in some states and random in
others) can be outperformed by the completely ran-
dom policy. A similar experiment was repeated with
F = 0:3, with similar results showvn in Figure 4-(b).
This force is large enough to overcome gravity and
move the car directly to the goal from the bottom of
the valley. The results of qualitativ e policy iteration
for the pole-balancingtask basedon the increasingun-
certainty range around F = 35 shawn in Figure 5 are
similar to the mountain car experimert. In the moun-
tain car problem, the Myopic MDP performed as well

Cart-Pole Problem, Force=35
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MDP ———
2.6 ¢ Random- 1
257 Myopic MDP
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Expected Value
N
w

35 36 37 38 39 40 41
Range

Figure 5. Performance of Qualitativ e Policies for Pole-
Balancing Task. Plot of averaged expected value of the
policy versusthe upper bound |, of the power support.

as cornvertional MDP, and in the cart-pole problem,
the performance gap (due to a more complex reward
structure) was negligible.

An experiment wasalso performedto determine sensi-
tivit y of the optimal policy to noise. The support in-
terval for F wassetto [l 1; 0:35], with the lower bound
|, starting at 0.33and gradually decreasingto obsene
the degradation in certainty in the optimal policy in
dierent states. The plot of the highest value I, at
which the set of candidate policies returned by quali-
tativ e policy iteration contained more than one action
for that state is shawn in Figure 6. The optimal policy
for the statesin the plateau regionsnever becomesun-
certain becausdn thosestates, only oneaction is valid.
A more interesting e ect is the decreasingridge of the
uncertainty function - it shaws that, asthe amourt of
noisein F increasesthe policy in states closestto the
goal (but with car moving away from the goal) become
uncertain rst. Statesfarther away from the goal (i.e.,
on the opposite slope) have enough potential energy
to reach the goal with the forward throttle, evenif the
power is low, sothe policy in those states stays certain
longer. Thus, qualitativ e policy iteration can be used
to determine robustnessof the optimal policy to noise
in di erent parts of the state space.

Finally, we experimented with qualitativ e reinforce-
mernt learning on the mountain car problem. A-priori,
the engine power was speci ed with the uncertainty
interval [0:15;0:3] - too large to determine whether
moving towards the goal or away from it is optimal
on the bottom of the valley. The actual simulation
applied forcesto the throttle chosenuniformly from
the interval [0:15; 0:16] in ead state (for which moving
away from the goal was optimal). Each experimental
episade started with the car at the bottom of the val-
ley and terminated when it reached the goal state or
a state with no valid actions. Whenewer P (s§s; a) was
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Figure 6. Sensitivity of Qualitativ e Policy as a function of
states.
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Figure 7. Performance of Qualitativ e and Convertional RL
on the mountain car task. The performance is displayed
with 95% error bars basedon 100di eren t episodesfor con-
ventional reinforcement learning and 10 di eren t episodes
for qualitativ e reinforcement learning.

estimatedto be zero(either directly or through Propo-
sition 5.1), s® was removed from the set N ext(s;a),
prompting the domain oracle to disregard the forces
( sYs;a) which could result in a transition to s®when
action a was executedin s. Thus, QRL's generaliza-
tion ability is due to the domain oracle performing
a form of estimation of the power interval. Perfor-
mance of QRL was compared with that of corven-
tional model-basedRL which applied policy iteration
to estimated transition probabilities (actions in unen-
courtered states were picked randomly). Results are
shown in Figure 7 asa function of the number of train-
ing episades. Note that the episadesstarted out in the
samestate, but the performance metric averagesover
the random choice of an initial state. This metric re-
ects the algorithm's ability to generalizeto unseen
states. Since somestates were not reachable from the
starting state due to discretization of time and space,
neither algorithm sawv them, but QRL deducedhow
to act in them by comparing them with encourtered
states.

7. Conclusion

In many MDP problems, it is desirable to avoid ex-
ploration as an expensiwe and potentially dangerous
process.We preseried an algorithm which either com-
pletely eliminates the needto explore while requiring
a much lessprecisedescription of the problem than an
MDP, or limits the amount of exploration neededto
act optimally.
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