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Abstract

| consider the setting of transductive learn-
ing of vertex labels in graphs, in which a
graph with n verticesis sampledaccordingto

some unknown distribution; there is a true

labeling of the vertices such that ead ver-
tex is assignedto exactly one of k classes,
but the labels of only some (random) sub-
set of the verticesare revealedto the learner.
The task is then to nd a labeling of the re-
maining (unlabeled) vertices that agreesas
much as possiblewith the true labeling. Sev-
eral existing algorithms are basedon the as-
sumption that adjacert vertices are usually
labeled the same. In order to better under-
stand algorithms basedon this assumption, |

derive data-dependert boundson the fraction

of mislabeled vertices, basedon the number
(or total weight) of edgesbetween vertices
diering in predicted label (i.e., the size of
the cut).

1. Intro duction

Graphs are the primary object of study for many ma-
chine learning application areas. For example,in sccial
network analysis,oneis often interestedin nding pat-
ternsin a graph represening social interactions among
individuals in a population, and basingfurther predic-
tions on those patterns. Similar examplesexist for an-
alyzing citation networks, computer networks, biolog-
ical networks, and the world wide web. In particular,
for certain applications oneis interestedin classifying
the vertices of a graph, ead into one of k classespne
often has accessto the correct labels for some sub-
set of the vertices, and is interested only in produc-
ing accurate predictions for the remaining (unlabeled)
vertices. Such applications are substartially dierent
from traditional machine learning applications, since
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they cannot easily be viewed in terms of repeated in-
dependert sampling from a distribution. Instead, they
are more readily modeledin terms of sampling the en-
tire graph from a distribution over the space of all
n-vertex graphs, and then allowing an oracle to label
a random subsetof the vertices accordingto someun-
known pattern.

Seweral existing algorithms are applicable to this set-
ting, many of which are basedon the assumption that
adjacert (or heavily linked) verticestend to be labeled
the same. For the caseof two classes(Blum & Chawla,
2001) proposean algorithm which labelsa graph soas
to respect the known labels, while at the sametime
minimizing the number (or total weight) of edgesbe-
tween vertices having dierent predicted labels. Be-
causethis problem is solved by a reduction to the min-
imum weight s-t cut graph partitioning problem, it is
referred to as the mincut learning algorithm, and the
number (or weight) of edgesbetween dierently la-
beledverticesis referredto asthe cut size of the label-
ing. The algorithm is appealing for its simplicity and
solid foundation in graph partitioning. However, exist-
ing analysesof using cut sizeto biaslearning have been
largely basedon assumptionsof how the graph is con-
structed. The analysisby (Blum & Chawla, 2001) as-
sumesthat the algorithm is initially preseried with ex-
amplesdrawn independertly from a distribution, and
then constructs the graph in a prescribed way. More
recen variants of this approac (Joachims, 2003;Blum
et al., 2004) have similar motivating assumptions,but
by way of commerts and roughly sketched argumerts,
indicate the desire for a more general analysis appli-
cable to any graph. In particular, (Joachims, 2003)
posesan open question essetially askingwhether it is
possibleto derive data-dependert bounds on the frac-
tion of mistaken predictions, basedon the cut size of
the labeling. In this paper, | constructively answer
this questionin the a rmativ e.

In Section2, | give a brief overview of the setting and
intro duce the notation used throughout. This is fol-
lowed by a formal discussionof using cut size in a
learning bias in Section 3, which also includes a dis-
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cussionof algorithms for the multiclass problem. Sec-
tion 4, which contains the main contributions of this
paper, provides data-dependert bounds on the frac-
tion of mistaken predictions basedon the cut size of
the labeling. | give tight implicit bounds as well as
somewhatlooserexplicit bounds, and discussinterest-
ing special cases.

2. Transductiv e Vertex Classi cation

To introduce notation, | will outline the fundamertal
conceptsfor this setting. The input to the learning al-
gorithm includes a graph G = (V;E), sampled from
an unknown distribution over graphs having n ver-
tices. For simplicity, assumethe edgesare undirected,
and unless otherwise noted, are not weighted; where
appropriate | will commert on natural extensionsto
weighted graphs. For a given graph G = (V;E), a
hypothesis spaceHy is the set of distinct vertex la-
belings from which the learner can select. Throughout
this analysis, | will only considerHy to be the com-
pletely unrestricted hypothesisspace,containing all k"
possible labelings of the graph with k typesof labels
f1;2;:::;kg. To focusonly on interesting cases,l will
assumek 2. Also, for notational simplicity when V
is clear from the context, | will simply write H. There
is a target labeling f 2 H for the vertices of G, so
that eadh vertex v 2 V is assignedone of k possible
valuesfl;2;:::;kg; denote by f (v) the speci c target
label for v. In addition to G, the learning algorithm is
given the target labels for somesubset of n- vertices
selecteduniformly at random?! from V. Let us refer to
thesen- vertices as training vertices and the remain-
ing n  n- (unlabeled) vertices as test vertices. To
make this more formal, | will referto any 2 f0;1g"
as a labkel mask and it will be corveniert to de ne

n=f jk k¥=n; 2f0;1g"g. Thus, for a graph

2 ., the n- training vertices are de ned asthose
v; sudh that ; = 1.

Denition 1. De ne the empirical error and predic-
tion error of a hypothesis h with respect to a target

mask 2 . by (respectively)

x
R(h;f;V; ) = ni
i=1

—— (@ )If(v) 86 h(v)]

i=1

il [f (vi) & h(vi)]

R(h;f;V; )=

1This is arguably a strong assumption, and in prac-
tice there may be more natural ways to selectthe training
vertices for a particular application. This could perhaps
be viewed as the transductiv e analogue of the commonly
made i.i.d. assumption in inductiv e learning.

That is, the empirical error is the fraction of training
vertices the labeling is mistaken on, while the predic-
tion error is the fraction of test verticesthe labeling is
mistaken on. To simplify notation, whenf, , andV
are clear from the context, | will abbreviate these by
R(h) and R(h), respectively.

3. A Learning Bias Toward Small Cuts

The objective is to pick a labeling that minimizes the
prediction error. However, sincethis quantity gener-
ally cannot be directly computed from the algorithm's
input, we needto bias the algorithm somehav. In
many applications, it is natural to assumethat ad-
jacert vertices will usually tend to have the samela-
bel. This assumptionleadsnaturally to alearning bias
basedon cut size.

De nition 2. For any lakelingh 2 H of agraph G =
(V; E), de ne the cut sizeof the lakeling, denoted c(h),
as
c(h) = I [h(u) & h(v)]
fuvg2E

For weighted edges,eac term in the summation is also
multiplied by the edgeweight. The assumption that

adjacert verticestend to have the samelabelsleadsto

a bias toward small cut sizes. One way to implement

this biasin an algorithm is to seard for a labeling hav-

ing smallestcut sizewhile still respecting the target la-

bels of training vertices. For the caseof k = 2 classes,
(Blum & Chawla, 2001) give an algorithm for doing

exactly that, basedon an e cien t reduction to a mini-

mum s-t cut graph partitioning problem, which can be
solved exactly in polynomial time (seee.g., (Cormen

et al., 2001)), and for which a variety of more e cien t

approximate solutions are known (seee.g., (Benczur &

Karger, 1996;Karger, 1999)).

The so-called multiterminal minimum cut problem is
a natural generalization of the minimum s-t cut parti-
tioning problem. Given a weighted graph G = (V;E)
and a set of \terminal" verticesfs;;sz;:::;kg  V,
the problem is to nd a set of edgesC E having
minimum total weight such that any path betweenany
terminal s; and any other terminal s; must include at
least one edgefrom C. Put another way, the task is
to nd a minimum weight set of edges,the removal of
which disconnectsall of the terminals. A multiclass
mincut algorithm can be described by a reduction to
the multiterminal minimum cut problem as follows.?

2As with the original mincut learning algorithm, this
algorithm can be applied to both weighted and unweighted
graphs; as usual, in the unweighted case, simply take the
weights of edgesfrom G to be 1.
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2.8i2f1;2;...;kg, add an edgeof 1 weight between
s; and any training vertexv for whichf (v) = i
3. Find a multiterminal minimum cut C of the

4. For eachi 2 f1;2;...;kg, label with i all test vertices
from which 9 a path to s; not includingedgesin C

5. Any test verticesnot yet labeledcan be labeled
arbitrarily (e.g., randomly)

Unfortunately, the multiterminal minimum cut prob-
lem is MAX-SNP-Hard (Dahlhaus et al., 1994). How-
ever, this is a well-studied problem in computer sci-
ence, and as such there are a variety of clever ap-
proximation algorithms for the problem. In particu-
lar, (Calinescuet al., 2000) give a linear programming
relaxation resulting in an e cien t algorithm guaran-
teedto nd a cut sizeno larger than (3 1) times
the optimal size. This result has since been slightly
improved for the general case (Karger et al., 2004),
and has beenreducedto within a factor of % of the
optimal cut size for the special caseof k = 3 (Che-
ung et al., 2005; Karger et al., 2004). Note that these
are worst-caseguararntees, and these algorithms often
produce optimal solutions in practice.

4. Cut Bounds

Let us now turn to the subject of deriving data-
dependert bounds on the prediction error based on
cut size. For simplicity, assumen  k, and that the
graph initially has fewer than k componerts®. | begin
with somede nitions.

Denition 3. For agraph G = (V;E), let ¢«(G) de-
note the minimum number of edgeswhoseremovalsep-
arates G into at least k nonempty connected compo-
nents. Put another way, ¢, (G) is the smallest possible
multiterminal minimum cut size over all choices of k
distinct terminal verticesfrom V. | refer to ¢ (G) as
the minimum k-cut sizeof G. For xed k, it can be
computed in polynomial time (see e.g., (Goldschmidt
& Hochkaum, 1994)).

As with cut size, this can be generalizedfor weighted
graphs by the sum of weights of edgesin a set having
smallest total weight whoseremoval separatesG into
at least k nonempty connectedcomponerts.

%Note that if the graph has k or more componerts,
we can still obtain a bound by a weighted average of the
bounds for its componerts (each holding with probabilit y
1 ), which holds with probability 1 N for N compo-
nents (due to the union bound).

De nition 4. Let

oA
FT(m): n
t=0 n-

denote the cumulative distribution function of the
hypergeometric distribution, with nonnegative integer
population sizesT andn T, and samplesizen-; for
notational simplicity, | have made the dependene of

Fr(m) on n and n- implicit. Also, de ne ; =0
whenx < y. Let
Rmax (r; ) = max Fr(rn-) T2Z

The following is a versionof the PAC-MDL theoremby
(Blum & Langford, 2003). For completeness] include
its proof in Appendix A.

Lemma 1. (PAC-MDL) For any n-vertex graph G
and hypot@esissmoe H,ifg:H ! (0;1) is a function
suchthat | ,,, q(h) 1, then for any targetlabeling
f, 2 (0;1), and lakel mask seleted uniformly at
randomfrom ., with protability at least1 , every
hypothesish 2 H will have
R(h) Rmax R(h);q(h)

De nition 5. The following de nitions will be useful.
For an n-vertex graph G = (V; E), and hypothesish 2
H, let

c(h)
h) = ;
M= 5©
s(h) = maxtb2k (h)c;k 1g;
and
(h) n s(h) 1.
B(h)= K ok 1 () 2k 1y N bk (h)e
k" otherwise
where
X _ (x+1)
y (y+D(x y+1
is a genealized form of binomial coe cient, and ( ) is

the well-known gammafunction. Note that (h) essen-
tially representsthe relative cut size of h with respect
to the smallest possiblek-cut sizein G. | will nd it
convenient to overload this notation, sothat for an in-
tegerc, (c) = ﬁ s(c) = maxfb2k (c)c;k 1g, and
similarly for B(c). Additionally, for 2 (0;1) de ne
¢( ) =minfg (c+1)B(c+1);c2f0;1;...;jEjool fj Ejo
With thesede nitions in mind, we have the following
novel theorem.
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Theorem 1. (Implicit) For any unweightel n-vertex
grapht G = (V;E), target lakeling f, 2 (0;1), and
lakel mask seleted uniformly at random from .,
with probability at least1 , everyh 2 H will satisfy

B(h) !

R(h); )+ 1

R(h)

Rmax

The following lemmawill be usefulin proving the the-
orem. Its proof is included in Appendix B.

Lemma 2. Let G = (V;E) be any unweightal graph
on n vertices. For any nonnegative integer c, there are
no more than

( 1
© -
KO o D @ 2 @ Ts@<n

B(0)= .
kn otherwise

lakelingsh 2 H suchthat c(h) c.

Proof of Theorem 1. Let S¢ = fhjc(h) ¢; h 2 Hg.
We have that
X emt 1 Xjsj
s, O+ 1 B+ 1 B

where the secondinequality follows from Lemma 2.
Since8h 2 H;B(h) > 0, Lemma 1 implies
B(h) *

Rmax R(h);

Finally, noting that 8h 2 H,

B(h) !
)+ 1

completesthe proof for all h 2 H. O

R(h);

c(h)> %)) Rmax =1 R(h)

While Theorem 1 provides a fairly tight bound, it is
implicitly dependert on a variety of factors in ways
that can make it dicult to build intuition. As sud,
in order to makethe relation betweencut sizeand error
more explicit, | presert the following relaxation of The-
orem 1, building on a result of (Derbeko et al., 2004).
As we shall see,though signi cantly looser,this bound
approximates the basic dependenceof Theorem 1 on
cut size.

4This result actually applies to any unweighted multi-
graph. Also, seebelow for a discussion of extensions to
weighted graphs.

Theorem 2. (Explicit) Letn, = n n-. For an n-
vertex unweightal graph G = (V;E), target function
f, 2 (0;1), and lakel mask seleted uniformly at

randomfrom ., with protability at least1 , every
h 2 H suchthat 2k (h) < n satis es®
V ~ T
u 19
u s(th)In kme 4 n UED
R(h) Q(h)+y n ng+1 @ S(h)+I
ny 2n:

where s(h) = maxf2(k 1) (h);k 1g.

Proof Sketch. This proof follows analogously to the
proof of Theorem 1, except using the following relax-

ation of Lemma 1, developed by (Derbeko et al., 2004)
using Ser ing's bound.
Lemma 3. (Adapted from (Derbekoet al., 2004)) For

any n-vertex graph G and hypothesigspaoe H, if q:
H ! (0;1) is a function suchthat ,, qth) 1,
then for any target lakeling f, 2 (0;1), and lakel

mask selested uniformly at random from ., with
prokability at least 1, every hypothesish 2 H will
have
v ,
R ﬁ n ng+1 Ingg+ind |
R(h) R(h) + e e o

For detailed proof of Lemma 3, see(Derbeko et al.,
2004).

Additionally , the proof of Theorem 2 relies on the fol-
lowing inequality, which applieswhen 2k (h) < n.
kne 5™

B(h) s(h)y+ 1

This can be derived as follows.

B(h ks (n+1)(sth) 2k 1) (h)+1)
N OLE) (n 2k 1) () + D)
ke s(h) nz(k 1) (h)
sthy+ 1 (s(hy 2(k 1) (h)+ 1)(2(k 1) (h) s(h)
kne S
s(h) + 1

The rst and secondinequalities are basedon prop-
erties that are well known for (integer) factorials, and
with a bit of e ort onecan show they alsohold for the
general (continuous) form. O

5Note that Theorem 1 givesthe trivial bound of R(h)
1 when 2k (h) n, sowe can de ne this relaxation to be
1 for that caseas well.
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Theorems 1 and 2, as well as the Lemmas on which
they depend, actually apply to any unweighted multi-
graph®; that is, the sameproofs can be used without
modi cation for multigraphs. We can usethis fact to
generalizethem for any weighted graph having non-
negative rational-valued edgeweights as follows.

Corollary 1. Denote by w(u;v) the weight of edge
fu;vg?2 E, and de ne

P
W = fuvg2E W(U;V)’
L = LCD(fw(u;Vv)jfu;vg2 EQ),
D = GCD(fw(u;Vv)Ljfu;vg?2 EQ),

and L

Q - 5!
where LC D denotesthe least common denominator
and GCD denotesthe greatest common divisor.” If
all edgeweightsare nonnegative rational numkbers, and

c(G) > 0, then under the conditions of Theorem 1,
every h 2 H will satisfy

. B(h) !
R(h) Rmax R(h); )+ 1
where
e )= minfej (e+1) B(%5-); €2 10;1;...,QWglf QW g

Proof. Consider the multigraph G on V formed by
replacing every edgefu;vg 2 E with Qw(u;v) un-
weighted edges. This givesa multigraph having QW
edges. For any h 2 H, let ¢(h) and B(h) denote
the cut sizeand B value evaluated in G. Note that
e(h) = Qc(h) and B(h) = B(h), and furthermore
(overloading notation as before), B(€) = B(%). Ap-
plying Theorem 1 for this unweighted multigraph gives
the desiredresult. O

In this sameway, a result similar to Corollary 1 can
be formulated for extending Theorem 2 to nonnegative
rational-valued edge weights as well. The details are
left as an exercise. Note that this bound is invariant
to scaling of the weights.

As a special caseit is interesting to examinethe case
of k = 2 classes.One can shown® that for k = 2,

iSj 2n? (©:

5A multigraph is a graph for which there may exist mul-
tiple edgesbetweena pair of vertices.

Q may be interpreted as the unique smallest positive
rational number such that 8fu;vg2 E; Qw(u;v) 2 Z.

8This is almost an immediate consequenceof Karger's
result that there are no more than n®> \ -approximate"
2-cuts (Karger, 1999).

Corollary 2. Using the alove fact, one can showfor
any connected n-vertex graph G = (V; E) having non-
negative rational weights, with W, Q, and n, de ned
as alove, for any targetlakeling f, 2 (0;1), and lakel
mask seleted uniformly at random from ., that
with probability at least1 , everyh2H satis es

v ,
u c(h) 1), 2(QW +1) -
R R+t L Metl sy Nz
nu nu n

This essetially relates the error to the cut sizein a
very basicway, sudc that relativeto the smallestpossi-
ble k-cut size,the smallerthe cut sizeof the labeling s,
the better our guarantee on the error becomes. Note
that a related result was discussedby (Blum et al.,
2004) for sample complexity, derived by other means
building on results of (Kleinberg et al., 2004).

For comparisonof the implicit bound of Theorem 1 to
the explicit bound of Theorem 2, | give plots of these
bounds versuscut size for unweighted graphsin Fig-
ure 1: k = 2in the left plot, and k = 4in the right plot.
In both casesR(h) = 0, n = 10;000,jEj = 1;000, 000,
&«(G) = 10k 1), n- = 500,and = 0:01. For
the caseof k = 2, | also plot the bound from Corol-
lary 2. Note that the basic shapes of these bounds
are approximately the same, indicating that the ba-
sic dependenceon cut size implicit in Theorem 1 is
successfullycaptured in a more explicit form in Theo-
rem 2 and Corollary 2 (though to alesserextent in the
latter). Also note that for both plots, the PAC-MDL
bound of Lemma 1 with uniform prior q() = ﬁ over
hypothesis spaceH is constart at 1, indicating these
bounds are signi cantly tighter.

5. Discussion and Open Problems

For the quartities it uses,the bound given in Theo-
rem 1 is fairly tight. The only sourcesof sladkness
comefrom the bound in Lemma 2 and the use of the
union bound. However, as (Karger, 1996) notes, one
can show that (for example) for k = 2, there exist
graphs G for which a lower bound on jS¢j can be de-
rived that givesthe following inequalities for any inte-
gerc ¢c(G).

n n
2 b2 (c)c 2 (¢)

This indicates there is only minor room for improve-
ment in Lemma 2 using these quartities. However, it
is likely that in somecasesa tighter or perhaps more
interesting bound may be obtainable using other data-
dependert quartities, which yield atighter bound than
Lemma 2. For example, it might be possibleto ex-
tend the techniquesusedby (Chandran & Ram, 2004),

iSj B(e) 4



An Analysis of Graph

Cut Size for Transductiv e Learning

0.5

0.5

----- Corollary 2 - -— Theorem 2
———  Theorem 2 ) T ——  Theorem 1
04 | —  Theorem 1 '; 0.4

0.3

Bound

0.2

0.1

. . . . . .
ceHRL 20 40 60 80 100
Cut Size

0.3

Bound

0.2

0.1

Ot. I . . . .
ceHaL 40 60 80 100 120
Cut Size

Figure 1. Comparison of cut bounds for k = 2 (left) and k = 4 (right).

who obtain bounds on the number of minimum 2-cuts
in terms of graph radius, diameter, minimum degree,
maximum degree,chordality, girth, and other proper-
ties of graphs. Their bounds can generally be tighter
than those obtained by Karger's random contraction

technique, and extending their techniquesto the more
generalsetting of bounding the number of labelings of
a given cut size seemsan interesting approach to im-

proving the results derived above and reaching a better

understanding of what the relevant factors are for the
performance of this type of algorithm.

Additionally , there have beenseweral proposedexten-
sions of the mincut algorithm of (Blum & Chawla,
2001). In particular, (Joachims, 2003) proposesa con-
strained spectral partitioning algorithm that tradeso
cut size, training errors, and di erence between class
frequencyratios in the training verticesversusthe test
vertices. Finding data-dependent bounds on the pre-
diction error for this learning bias (and related ones)
remains an erticing open problem.
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A. Proof of Lemma 1

Proof. For completeness,| now state the proof of
Lemma 1. For a givenh 2 H, let T, be a constart
represerting the actual number of mistakesh makes
on the ertire graph. All probabilities are de ned with

respect to the random variable R(h) (a function of ).
It is true that for any 2 (0;1),
n (0]
Pr Fr, (R(h)n') <

Pr Thn>max T Fr(R(hyn) :T22Z

n (0]
= Pr R(h) > Rmax (R(h); )

Note that R(h)n- 2 fTjFr(R(h)n-) T 2 Zg so
the set is nonempty. Applying the union bound as
follows completesthe proof.

n (0]
Pr 8h2H; R(h) Rma (R(h);q(h))

X n 0
1 Pr R(h) > Rmax (R(h);q(h) )

h2 H
X

1 qh) 1 O
h2H

B. Pro of of Lemma 2

Proof. The proof of this lemma follows a technique
used by David Karger to prove a related result
(Karger, 1999).

If s(c) n,the bound is k", which is the total number
of possible ways to label the vertices, so the result
holds for this special case.

Now for the most interesting caseof s(c) < n, | usethe
following notion of edge contraction. When contract-
ing an edgef u; vg, the graph after contraction appears
identical to the graph before, exceptthat u and v are
replaced by a single vertex w, any edgesbetween u
and v, including the f u; vg edgebeing contracted, are
absen from the new graph, any edgefu; xg for x 6 v
is replacedby fw; xg, and any edgefv;ygfory 6 uis
replacedby f w; ygin the graph after corntraction. This
processmay result in multiple instancesof a givenedge
(e.g.,if thereis afu;xgandfv;xgin the graph before
cortraction, then there will be two fw; xg edgesafter
cortraction). We keep all of these multiple edgesin
the post-cortraction graph (i.e., the graph after con-
traction may actually be a multigraph).

Now consider an iterativ e algorithm that, on ead it-
eration, selectsan edgeuniformly at random from the
current graph G; and cortracts it to make a new graph
G;  for the next iteration. Thus, on ead iteration,
there is one fewer vertex than on the previous itera-
tion. Consider starting this algorithm with G, = G
and running it until there are s(c) vertices.

For a given labeling h 2 H, for t 2 fs(c) + 1;s(c) +

8x 2 V; hy(x) = h(x). Fort n,if fug;vigisthe edge
in G = (W;E;) that is contracted by the algorithm
to make graph G; i, replacing u; and v; with vertex
w; 1in Gy 1, then 8x 2 Vi nfug;vig; hy 1(X) = hi(x)
and

(
ht(ut); if ht(Ut) = ht(Vt)

h Wi =
t 1(we 1) 0; otherwise:

| say that h survives contraction to r verticesif @ 2

that on any given run of the algorithm, there are pre-
cisely k' labelings that survive contraction to r ver-
tices, corresponding to the k' labelings of G, with la-
belsin f1;2;:::;kg.

At the stage of the cortraction algorithm in which
there are somenumber r > s(c) of vertices, the min-
imum Kk-cut size in the contracted (r-vertex) graph
G, must be at least ¢ (G) (since every k-cut in the
cortracted graph correspondsto a k-cut of the same
sizein G). This implies that the averagedegreeis at

least %32, so there are at least rz(cﬁ«;l; edgesin the

cortracted graph G,. This implies that, given that
h survives cortraction to r vertices, the probability
of the algorithm picking an edgefu,;v,g suc that

he(u) & he(v) is at most c(h) 25} = 2 DM,

This bounds the probability h does not survive the
next cortraction. Therefore, for any h with c(h) ¢,
the probability that h survivescontraction to s(c) ver-
ticesis at least

1 2(k 1) (¢) 1 2(k 1) (¢) 2(k 1) (¢)
n n 1 s(c) + 1
! (-
s(c) n

2k 1) (¢ 2k 1) (0
Oncethe graph is contracted to s(c) vertices, suppose
the algorithm stops and selectsa labeling uniformly
at random from all labelings that survive cortraction
to theses(c) vertices and outputs that labeling. Since
there are k(9 sud labelings, the probability the algo-
rithm outputs a particular labeling given that it sur-
vivescortraction to s(c) verticesis k (¢,

Putting all of this together, for every h 2 H such that

c(h) ¢, the probability that the algorithm outputs h
is at least
1
s(c) S(C) n - 1
k ok 1) (9 2k 1) (0 B(9)

Therefore, at most B(c¢) suc labelings can exist. [



